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Summary 
Fracture is one of the most common failures in structures and 
components. Analytical solutions provided by fracture mechanics only 
exist for a few cases. Therefore, numerical methods are usually used for 
fracture and fatigue analysis of structures. In this thesis, smoothing 
technique is applied to develop numerical methods for fracture mechanics 
and the application of smoothed method is extended to composite materials. 
A singular cell-based smoothed radial point interpolation method 
(SCS-RPIM) is developed for linear elastic fracture problems. The strain 
smoothing is performed over the background triangular cells. A five-node 
singular element, which can produce singular strain field around the crack 
tip, is devised in this study. With a layer of these five-node singular 
elements laid around the crack tip, singular strain and stress fields can be 
captured. Different schemes are devised in the five-node elements to 
perform the strain smoothing. Several examples are presented to validate 
the newly developed method. The results are found in excellent agreement 
with the exact (or reference) solutions.  
The plastic stress and strain fields around the crack tip for power 
hardening material, which are singular as r approaches zero, are crucial to 
fracture and fatigue of structures. Traditional finite element method cannot 
produce the singularity around the crack tip. To simulate effectively the 
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                                                           x 
strain and stress fields around the crack tip, we develop a seven-node 
singular element which has a displacement field containing the HRR term 
and second order term. The novel singular elements are formulated based 
on the edge-based smoothed finite element method (ES-FEM). With only 
one layer of these singular elements around the crack tip, the ES-FEM 
works very well for simulating plasticity around the crack tip based on the 
small strain formulation. Two examples are presented with detailed 
comparison with other methods. It is found that the results of the presented 
singular ES-FEM are closer to reference solution, which demonstrates the 
applicability and the effectiveness of our method for the plastic field 
around the crack tip. 
An edge-based smoothed extended finite element method (ES-XFEM) 
is also extended to fracture analysis in composite materials. This method 
combines advantages of both the extended finite element method (XFEM) 
and the edge-based smoothed finite element method (ES-FEM), in which 
the smoothing technique with the smoothing domains formed based on 
edges is married with enrichment in XFEM. The crack tip enrichment 
functions are also specially derived to represent the characteristic of the 
displacement field around the crack tip in composite materials. Due to the 
strain smoothing, the necessity of integrating the singular derivatives of the 
crack tip enrichment functions is eliminated by transforming area 
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integration into path integration, which is an obvious advantage compared 
to XFEM. Two examples are presented to testify the accuracy and 
convergence rate of the ES-XFEM.  
Finally, face-based smoothed extended finite element method (FS-
XFEM) is developed for three-dimensional fracture problems. This method 
possesses the advantages of XFEM and smoothing technique. XFEM can 
simulate arbitrary crack geometry and crack propagation without 
remeshing. Smoothing technique can eliminate the integration of singular 
term over the volume around the crack front, thanks to the transformation 
of volume integration into area integration. Special smoothing scheme is 
implemented in the crack front smoothing domain. Three examples are 
presented to demonstrate the accuracy and convergence rate of the FS-
XFEM. From the results, it is clear smoothing technique can improve the 
performance of XFEM for three-dimensional fracture problems. 
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Chapter 1 Introduction 
1.1 Background 
Fracture is a problem that human beings have encountered for a long time. In our 
modern society, as more and more structures and machines are used in mechanical, 
aerospace and civil engineering, the problem is becoming important. The catastrophic 
failures caused by cracks usually make great loss to life or economy or both. An 
economic study [1] estimated the annual cost of fracture in the U. S. in 1978 at ＄119 
billion, about 4% of the gross national product. Fortunately, fracture mechanics was 
developed to predict the residual strength and crack propagation with an initial crack 
existence.  
Leonardo da Vinci discovered the qualitative relationship between the flaw size 
and the strength of the material several centuries ago. In his experiment the strength 
of wires was measured and was found to be inverse to the wire length. This finding 
can be considered as the origin of fracture mechanics. Griffith in 1920 [2] analyzed 
strain energy during crack propagation and found that if the strain energy released 
from the crack propagation is enough to cover the surface energy increase due to the 
crack surface increment during the crack propagation, the crack propagation will 
become unstable and fracture occurs. Griffith’s theory was the first model proposed to 
analyze the relationship between strength and flaw size. In Griffith’s theory, the strain 
energy released from crack propagation is only to produce new crack surface. Before 
fracture failure, metals undergo intensive plastic deformation, during which strain 
energy can also be stored in the metals. Therefore, Griffith’s theory is only applicable 
to brittle fracture, not applicable to metals. Considering plastic deformation around 
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the crack tip, Irwin [3] and Orowan [4] independently extended the application of 
Griffith theory to metals. Westergaard [5] developed a semi-inverse method to 
analyze the stress and displacement fields around crack tip. Irwin [6] introduced a 
single constant, which was related to energy release rate, to describe the stress and 
displacement fields near the crack tip based on Westergaard’s method. This constant 
is later known as "stress intensity factor". At the same time, Williams [7] obtained the 
solutions same to Westergaard’s solutions for the stress and displacement fields 
around the crack tip by other method. Most of the work during this time was based on 
linear elasticity. 
Linear elastic fracture mechanics (LEFM) ceases to be valid when significant 
plastic deformation occurs. Irwin [8], Dugdale [9], Barenblatt [10] and Wells [11] 
developed different models to take plastic deformation around the crack tip into 
consideration. Irwin proposed plastic zone correction extended from LEFM. Dugdale 
and Barenblatt developed a narrow strip of yielded material at the crack tip. Wells 
established the crack-tip-opening displacement (CTOD) as a fracture criterion. 
Cherepanov [12] and Rice [13] proposed a line integral, which is later known as J  
integral, to characterize the nonlinear material behavior around a crack tip. Assuming 
plastic deformation as nonlinear elastic, Rice was able to prove that J  integral can be 
obtained along arbitrary contour around the crack tip, which means that J  integral is 
path independent. The same year, Hutchison [14] and Rice and Rosengren [15] related 
the J  integral to crack tip stress fields in nonlinear materials. These analyses showed 
that J  integral can be viewed as a nonlinear, stress-intensity parameter as well as an 
energy release rate.  
As technology develops, more requirements for high-performance materials have 
been proposed by different areas of industries. Composite materials are developed and 
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applied to diverse fields for their superior mechanical and lightweight properties 
compared to metallic materials. Several analytical investigations [16-27] have been 
reported on the fracture behavior of composite materials. Since 1980, three-
dimensional fracture mechanics has been a hot topic. Guo [28-29] has made great 
contribution to this field. Guo analyzed the structure of stress and strain fields at the 
border of three dimensional cracks and gave the asymptotic solution for the fields. 
Based on whether plastic deformation is included, fracture mechanics is usually 
classified into two major categories: linear elastic fracture mechanics (LEFM) which 
was developed on the basis of linear elastic theory and plastic fracture mechanics 
which was established by taking the crack-tip plastic deformation into account.  
1.2 Linear elastic fracture mechanics 
Inglis [30] studied the stress concentration effect of flaws. In his theory, an 
elliptical hole in flat plate shown in Figure 1.1 was analyzed. In his result, the vertical 




    1.1 
Here 2a  is the major axis length, 2b  is the length of the minor axis. In terms of the 
radius of curvature 
2b
a
   at point A, equation 1.1 can be rewritten as: 
(1 2 )A
a     1.2 
As b  approaches zero, the elliptic turns to be a sharp crack. Equation 1.2 gives 
infinite stress at the tip. It is acknowledged that infinite stress does not exist in 
practice because materials have yield stress. Later on, Griffith [2] developed strain 
energy release rate instead of stress concentration. According to this theory, an 
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existing crack can develop or a new crack can form only if the energy released from 
the process is more than or equal to the surface energy of the newly developed (or 
formed) crack. Therefore, the state where the crack growth does not make any change 





   1.3 
In which, s  is the surface energy of the material, and E  is the Young’s modulus of 
the material.  
Several experiments have shown that the fracture strength of glass is in good 
agreement with that given by the above equation. For metals where there may be 
severe plastic deformation before failure, Griffith’s theory is not applicable. Irwin [3] 
and Orowan [4] independently added a new term p  to the Griffith’s theory. Here p  
represents the plastic work per unit area of the newly created surface.  




  1.4 
The above equation can be applied to structures only when the global behavior of 
the structure is elastic and plasticity is assumed to be confined to a small region near 
the crack tip.  
According to the crack geometry and loading direction, crack can be classified 
into three modes shown in Figure 1.2. Any complicated fracture problem can be 
considered as a combination of these three modes. Westergaard [5], Irwin [6], 
Sneddon [31], and Williams [7] derived closed-form expressions for the stress field 
around the crack tip. The stress field around the crack tip for the three modes of 
cracks are listed in the following table.  
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Table 1.1 The stress field around the crack tip for three types of crack 
Mode I 
3       cos( ) 1 sin( )sin( )
2 2 22
3       cos( ) 1 sin( )sin( )
2 2 22
3        cos( )sin( )cos( )
2 2 22
              0  (plane stress)
        
















   
   
   
   

   
   
,     0yz
 
Mode II 
3      - sin( ) 2 cos( )cos( )
2 2 22
3       sin( )cos( )cos( )
2 2 22
3       cos( )(1 sin( )sin( ))
2 2 22
              0  (plane stress)
        
















   
   
   
   

   

,     0yz
 
Mode III 
         - sin( )
22














where IK , IIK  and IIIK  are stress intensity factors corresponding to the three modes 
of fracture. The stress intensity factor is a parameter to represent the amplitude of the 
crack tip singularity. ( , )r   is local polar coordinate system with origin located at the 
crack tip. 
For a mixed-mode problem the stress can be expressed from the principle of 
linear superposition. Thus for any complicated fracture problem, given three stress 
intensity factors ( IK , IIK  and IIIK ) , the stress field around the crack tip can be 
obtained by linear elastic fracture mechanics. After the stress field, the strain and 
displacement field can also be obtained.  
( ) ( ) ( ) ( )total I II III
ij ij ij ij       1.5 
 





Figure 1.1 Elliptical hole in a flat plate 
 
 
Figure 1.2 Three modes of crack 
1.3 Plastic fracture mechanics 
Linear elastic fracture mechanics is valid only if nonlinear deformation is 
confined to a small region around the crack tip. This requirement limits the 
application of linear elastic fracture mechanics. Plastic fracture mechanics is 
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established for materials that exhibit large scale nonlinear deformation around the 
crack tip. Wells [11] proposed the crack tip opening displacement, later known as 
CTOD, as a measure of fracture toughness for materials, to which linear elastic 
fracture mechanics is not applicable.  
Another important parameter for plastic fracture mechanics is J  contour integral. 











     1.6 
Here ij , iu  are components of  stress tensor and displacement vector, respectively.  
jn  is the component of the outward unit vector along the line. ij  is the Kronecker 
symbol. w  is the strain energy density. J  is the path along which the integration is 
performed, shown in Figure 1.3. The local coordinate system is located at the crack 
tip. Appling deformation plasticity to the analysis of a crack in a nonlinear material, 
Rice [13] showed that the nonlinear energy release rate J  is a path-independent line 
integral. Hutchinson [14] and Rice and Rosengren [15] also showed that J  can 
represent the stress and strain intensity around the crack tip in nonlinear materials. 
Thus the J  integral can be considered as energy release rate and stress intensity 
around the crack tip.  
 
 







Figure 1.3 Definition of line integration of J  integral 
In 1968, Hutchinson [14] and Rice and Rosengren [15] independently derived 
the asymptotic crack tip solution for power hardening materials, which is later known 
as HRR solution. The relationship between strain and stress for power hardening 
materials is given by 
0 0 0
( )n       1.7 
where 0  is the yield strength. 0  is the yield strain, which can be given by 00 E
  . 
E  is the Young’s modulus of the material. n  is the strain-hardening exponent. It is 
assumed that in order to ensure the path independence of the J  integral, the strain 
energy density must behave as 1/ r  as  r  approaches zero. In the area very close to 
the crack tip, due to the large deformation, the elastic strain is quite small compared to 
the plastic strain and thus can be neglected. Based on these two assumptions, stress, 
strain and displacement fields around the crack tip can be expressed as: 
 






( , ) ( )
( , ) ( )









u r K r u
   












Here K  is referred to as the amplitude of the singularity. ( )ij  , ( )ij   and ( )iu   are 
functions describing the stress, strain and displacement variations in   direction.  In 
order to get ( )ij  , ( )ij   and ( )iu  , the complementary potential energy function, 
with appropriate boundary conditions (stress free on crack surface and stress 
symmetric about 0  ) is used to solve the equilibrium equation. To solve the 
equation, a fourth-order Runge-Kutta method is used. The stress solution for  3n   
material is plotted in the following figure. 
 
Figure 1.4 Stress distribution along   direction for 3n   under plane strain  
The HRR solution describes the stress and strain fields close to the crack tip for 
power hardening materials. The HRR solution has laid solid foundation for the later 
development of fracture mechanics. One assumption in HRR solution is that the 
deformation can be viewed as small strain, which is not valid in the region close to the 
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crack tip. McMeeking et al. [32] has included large strain theory in their finite 
element analysis. It is found that HRR solution is not valid only for the region very 
close to the crack tip, namely Fracture Process Zone (FPZ) where micro-structural 
processes occur. The size of FPZ is approximately 2~3 times CTOD. After this region, 
HRR solution is still able to describe the stress field.  
1.4 Numerical methods for fracture mechanics 
Computers have played an important role in almost all branches of science and 
engineering including fracture mechanics. Since analytical solutions only exist for a 
few simple problems, several numerical methods for fracture mechanics have been 
developed responding to industry and research demands. In the following, numerical 
methods for fracture mechanics will be introduced.  
1.4.1 Finite element method  
Finite element method (FEM) has become the most important numerical method 
for engineering. There are several commercial software packages based on FEM, such 
as Ansys and Abaqus. The basic theory for FEM has been listed in many books. Here 
the illustration of the theory will not be given. But the chanllenge in the application of 
FEM to fracture mechanics is the creation of singular strain field around the crack tip.  
To produce 1/ r  singular strain around the crack tip, several researchers have 
proposed different ways [33-36]. The significant development of finite element 
method for fracture mechanics was the creation of quarter-point elements [37-39].  As 
shown in Figure 1.5, the middle nodes on the edges connected to the crack tip are 
shifted to the quarter points near the crack tip. Consequently they are named quarter-
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Figure 1.5 (a) Eight-node quadrilateral rectangular quarter-point element (b) Collapsed triangular 
quarter-point element 
The geometry of an 8-node plane isoparametric element is mapped into the 
normalized square space ( , )  , 1 1, 1 1        (shown in Figure 1.6) through 
the following transformations, 






Figure 1.6 The natural coordinate system in the parent element for quadratic rectangular element 
 
 























where iN  is the shape function corresponding to the node i , whose coordinates are 
( , )i ix y in the x y  system and ( , )i i  in the transformed   system. The 





















In eight-node quadrilateral, the strain along the line 1-3 is shown to be singular.  
















       
 1.11 
Thus the coordinate of any point ( , )p    on line 1-3 can be obtained: 
2
1 2 3
1 1(1 ) (1 ) (1 )
2 2
x x x x            1.12 
Here 1x , 2x and 3x  are coordinates of node 1, 2 and 3. Substituting 1 0x  , 2 / 4x L ,
3x L  into equation 1.12 yields: 
2 1(1 ) / 4 (1 )
2
x L L       1.13 
Solving the above equation for   
( 1 2 )x
L
     1.14 
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The displacement of p  can be obtained by node displacement interpolation: 
2
1 2 3
1 1(1 ) (1 ) (1 )
2 2
u u u u            1.15 
Substituting equation 1.14 into equation 1.15 yields: 
1 2
3
1 ( 2 6 4 ) (4 4 )
2
1 ( 2 4 )
2
x x x xu u u
L L L L
x x u
L L
      
  
 1.16 
The strain in the x-direction is then obtained:  
1 2 3
1 3 4 2 4 1 1 4
2 2x
u u u u
x L L LxL xL xL
                            1.17 
The strain singularity along the line 1-3 is therefore 1/ r , which satisfies the 
required singularity for linear elastic fracture mechanics. 
Collapsed triangle quarter-point element is generated by collapsing the side 1-7 
of the quadrilateral element. In this case the singularity is investigated along the x-axis. 
2
2
1 1 1(1 )(1 ) (1 )(1 ) (1 )
4 4 2 4
1 1    (1 ) (1 )
2 4 2 4
lx l l
l l
    
 
        




lx      1.19 
Thus  
( 1 2 )x
l
     1.20 
This is the same with equation 1.14. Therefore, the displacement and strain along the 
x-axis have terms similar to those in 8-node element. The strain singularity along the 
x-axis is also 1/ r . 
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For three-dimensional fracture problems, FEM also provides quarter-points 
singular elements to simulate the 1/ r  singular strain field. They are shown in 
Figure 1.7. The left element is a twenty-node cubic element with four mid-nodes 
shifted to the quarter points near the crack front. The singularity in this case is 
obtained in similar way to the two–dimensional 8-node singular element. The right 
element is a ten-node singular element, with four mid-nodes shifted to the quarter 
points near the crack front. The singularity is created in similar way to the collapsed 
triangle quarter-point element.  
From the above illustration, we can clearly see that FEM can provide singular 
element for linear elastic fracture mechanics, which has a 1/ r  singular strain field 
around the crack tip (front) for two-dimensional and three-dimensional fracture 
problems.  However, to solve the fracture problems by FEM is quite time-consuming 
and troublesome. Firstly, the mesh has to match the crack edge (or face in three-
dimension), which is very troublesome especially when the crack geometry is 
complicated. Secondly, transitional elements are also employed around the singular 
elements to bridge the gap between the singular element displacement field and that 
of common element. Thirdly, if the crack advances, remeshing has to be done to 
rematch the new crack geometry.  In order to overcome these shortcomings, 
Belytschko et al. [40] proposed extended finite element method, which will be 
covered in the next part. 
 






















































Figure 1.7 Three-dimensional brick element with mid-side nodes at the quarter points 
1.4.2 Extended finite element method 
To avoid the shortcomings of FEM, the extended finite element method (XFEM) 
was proposed [40] to model arbitrary geometry crack and crack advancing without 
remeshing. The innovative idea of XFEM is that it enriches the FEM displacement 
field with a set of enrichment functions which characterize the discontinuity across 
the crack surface and singular displacement field around the crack tip. A mapping 
algorithm is introduced for multiple crack segments [41]. It is proved that the use of 
discontinuous displacement enrichment along the crack produces a solution with zero 
tractions. Moes et al. [42] introduced a much more elegant and straightforward 
procedure to simulate the discontinuity in the displacement across the crack faces by 
using Heaviside function. Later Daux et al. [43] proposed the junction function to take 
multiple branched cracks into consideration. Xiao et al. [44-46] improved the 
accuracy of XFEM by employing higher order quadrature. XFEM is extended to 
crack in orthotropic media [47]. Based on a Fourier analysis of the HRR fields, 
XFEM has been applied to plastic fracture mechanics [48-49].  Rabczuk et al. [50-53] 
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have studied three-dimensional cracks using XFEM. The XFEM was first developed 
for linear elastic fracture mechanics. Thanks to its robustness, many works have been 
done to improve or apply the original XFEM to various discontinuous problems [54-
58]. 
In XFEM, the displacement field is usually given by the following equation [42].  
4
1
( ) ( ) ( ) ( ) ( ) ( )
c e
cont enr
i i j j k k
i j k
u u








Here, contu  is the continuous displacement field provided by FEM. enru is the 
enrichment displacement field which is composed of two parts. The first part 
corresponds to the discontinuity across the crack surface. ( )H x  is the Heaviside jump 
function, which is used to represent the discontinuity across the crack surface. It is 




            otherwise   1
0)-( if      1
)(
* nxx
XH  1.22 
where x  is a sample point, x  is the closest point to x  on the crack, and n  is the unit 
outward normal to the crack at x . ja  is the ( )H x  enriched degree of freedom, N
c  is 
the set of nodes belonging to those elements completely cut by the crack surface (the 
squared nodes shown in Figure 1.8). The second part corresponding to the singular 
displacement field around the crack tip involves a set of branch functions ( ) x . For 
linear elastic fracture mechanics, branch functions can be expressed as: 
 , ( 1 4) sin cos sin sin cos sin
2 2 2 2
r r r r r
             
 
1.23 
Here  ,r   are the local polar coordinates with the origin located at the crack tip. eN  
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is the set of nodes belonging to the element containing a crack tip inside (the circular 
nodes shown in Figure 1.8). kb
  is the enriched degree of freedom associated with the 
branch function  ,r   
 
Figure 1.8 Different types of nodes in XFEM 
Due to the enriched part in the displacement field, the strain-displacement matrix 






iB is the standard strain-displacement 













      
B  1.24 
a
iB  is part of the strain-displacement matrix corresponding to Heaviside function 
enrichment, expressed as: 
 











i y i x
N H
N H
N H N H
      
B  1.25 
The biB is the part corresponding to branch functions enrichment, which contains 4 
parts in itself. bi





















      
B  1.26 
Introduced by three parts in B  matrix, the stiffness matrix K  associated with element  
domain e  is given by  
, , ,
, , , ,
, , ,
uu ua ub
ij e ij e ij e
au aa ab
ij e ij e ij e ij e
bu ba bb
ij e ij e ij e
      
K K K
K K K K
K K K
 1.27 
where the sub-matrix in the above equation is defined as: 
T
, ( ) de
rs r s
ij e i j K B DB  ( , , , )r s u a b  1.28 
The nodal force vector f  can be given by 
T[ ]u a bf f f f  1.29 
where 
( ) ( )
( ) ( ) ( ) ( )










N d N d
N H d N H d







   
   




f x b x t
f x x b x x t
f x x b x x t
 1.30 
Here t  is the boundary where surface tractions are prescribed. 
Based on partition of unity method [59-61], XFEM permits arbitrary functions 
involved in the enrichment. Thus XFEM can model crack in arbitrary geometry and 
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crack propagation without remeshing. The following two important properties are 
what distinguish XFEM from other numerical methods: 
1. Crack domain mesh independency: By this, we mean that XFEM can use meshes 
which are partially or totally independent of the geometry of the crack domain. It is 
difficult to obtain mesh independency in traditional FEM. In traditional FEM, the 
element edges have to align with the crack surface. Furthermore, traditional FEM 
has to rematch the crack geometry after crack advances, while in XFEM, only the 
enriched nodes has to be rearranged. Remeshing is eliminated.  
2. Local enrichment by arbitrary functions. By this, we mean that in XFEM arbitrary 
functions can be used to enrich, as necessary. The enrichment functions only have 
to reflect the local behavior of the problem we are studying even without knowing 
the solution in closed form. This leads to the wide applicability of XFEM.  
Besides the above two popular methods (FEM and XFEM), the boundary 
integral equation method (BEM) [62-66] is a very powerful technique to solve for 
unknown tractions and displacements on the surface. Due to the singularity of stress 
field close to the crack tip, it is difficult to obtain the solution of cracked problem with 
direct formulation of BEM. Several special methods are proposed to handle stress 
singularity, such as Green’s function method [67], the subregional method [64,68,69], 
and the displacement discontinuity method [70-72]. A hybrid crack element (HCE) 
[73-74] is also introduced for fracture mechanics. The HCE simulates a crack by only 
one super-element having a compatible displacement field with the outside elements. 
In HCE, the asymptotic displacement and stress fields derived from linear elastic 
fracture mechanics are satisfied in this super-element. These methods have been 
applied to some problems. 
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1.5 Smoothing technique 
The aim of smoothing technique, introduced by Chen [75], is to eliminate spatial 
instability in nodal integration. In recent years, Liu [76-78] has generalized gradient 
smoothing technique and developed a G space theory and weakened weak (W2) 
formulation. In G space, employing divergence theorem, discontinuous displacement 
field can be used in the smoothing domain. Based on G space theory, several 
smoothing methods have been developed, such as edge-based smoothed finite element 
method (ES-FEM) [79-80], node-based smoothed finite element method (NS-FEM) 
[81-82], cell-based smoothed finite element method (CS-FEM) [83-84] and face-
based smoothed finite element method (FS-FEM) [85-86]. Through these methods, 
smoothing technique shows some advantages. For example, ES-FEM can provide a 
stiffness matrix very close to the exact; ES-FEM is found to be superconvergent and 
ultra-accurate. NS-FEM can use polygonal elements with arbitrary number of sides; 
NS-FEM can provide the upper bound property of strain energy. In view of these 
advantages of smoothing technique, smoothing technique should contribute to the 
improvement of the accuracy of the FEM and XFEM. In fracture mechanics, induced 
by the singular strain field existing around the crack tip, singular shape function 
derivatives occur in the integrand of FEM and XFEM, which is a difficulty in the 
calculation of stiffness matrix. However, with smoothing technique, according to 
divergence theorem, the shape function derivatives is replaced with shape function 
multiplied with outward unit norm component, which eliminates the singular term in 
the calculation of stiffness matrix. This is another outstanding advantage especially 
designed for fracture mechanics. 
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In smoothed FEM, a background mesh is required to generate smoothing domain. 
Based on the background mesh, according to different schemes, non-overlapping 
smoothing domains fully cover the whole problem domain. In each of the smoothing 
domain sk  the smoothed strain ( )ε x  is obtained as follows: 






  ε x ε x x  1.31 






   x  1.32 
For simplicity, ( ) x  is assumed to be constant over the smoothing domain. Therefore, 
1/     
( )










Here skA  is the area of the smoothing domain 
s
k . In the framework of FEM, the 
strain field ( )hε x  can be given by 
( ) ( )h hs ε x u x
 1.34 
Here s  is a symmetric operator defined as: 
T1 ( )
2s
     1.35 
And the displacement vector 
T
( )h x yu u   u x  in two dimension. Hence, 








     ε x ε x u x  1.36 
According to divergence theorem, equation (1.36) can be transformed to the 
integration of the ( )hu x  multiplied by the outward unit vector along the smoothing 
domain boundary.  
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     ε x u x L u x  1.37 
where nL  is a matrix of components of outward unit vector along the boundary of the 










      
L  1.38 
Here xn  is the component of the outward unit vector in x  direction and yn  is the 
component in y  direction. 








 ε x B d  1.39 
Here snN  is the number of nodes associated with the smoothing domain, Id  is the 
displacement vector in smoothed FEM, IB  is the smoothed strain-displacement 
matrix, which is obtained in the following.  
0











        
B L x  1.40 
In which  





b n N d
A 
  x x  1.41 
By Gauss quadrature, the above equation can rewritten 
 





1 ( ) ( )
seg gauN N
Ih I i j i j h i js
i jk
b N w n
A  
  x x  1.42 
Here ,i jx  is the coordinate of the thj  Gauss point on thi  segment of the boundary 
s
k . 
segN  is the number of the segments in the boundary 
s
k . gauN  is the number of Gauss 
points in each of the segment. 
Following the same procedure of FEM, the global stiffness matrix can be 
obtained. But in the process of calculation, the compatible strain hε  has to be replaced 
by the smoothed strain ε , the elements replaced by the smoothing domains, the total 
number of elements replaced by the total number of smoothing domains. As a result, 
the final linear system of equations will have the following form: 
Kd f  1.43 
Where K  is the global stiffness matrix for the smoothed FEM. The entries are 
calculated by  
T
IJ I J d

 K B DB  1.44 
In the smoothing domain the strain is assumed to be constant, which means that IB  




T  1.45 
Here skA  is the area of the smoothing domain. The total global stiffness matrix is the 
result of assembling all the IJK  associated with each of the smoothing domain. The 
linear system of equations can be solved by different solvers, which are the same with 
FEM. 
From the above description, the procedure for smoothed FEM is outlined as 
follows: 
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1. Mesh the whole problem domain with elements which are similar to FEM 
2. Obtain the information about the elements and nodes. Form the smoothing 
domains according to different smoothing schemes.  
3. Over each of the smoothing domains, integrate the shape function along the 
smoothing domain boundary. Divide the integration result by the smoothing 
domain area. The smoothed strain-displacement matrix B  is obtained. Calculate 
the stiffness matrix for each of the smoothing domains. And assemble the stiffness 
matrix into the total global stiffness matrix. 
4. The boundary condition and load are applied. 
5. Solve the linear system of equations and get the displacements of the nodes. 
1.6 Comparison of different numerical methods for fracture mechanics 
For fracture mechanics there are several numerical methods developed. In this 
section the comparison between these methods will be given. The advantages and 
disadvantages of the numerical methods are tabulated as follows. From the table, it is 
clear that all the methods have advantages and disadvantages. From the pointview of 
the author, smoothing XFEM is better than other numerical methods because it 
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Table 1.2 Comparison of different numerical methods for fracture mechanics 




1.The milestone of singular element 
development in FEM. 
2.It can be obtained by simple shift of the 
middle nodes in quadratic elements. 
1.Transitional elements are needed  
2.Singular term exist in the integrand 






1. Based on smoothing FEM, singular 
strain field can be easily obtained. 
2. No transitional elements are needed. 
3. No singular term in the integrand. 
4.Smoothing technique can provide more 
accurate result 
1.Remeshing is needed in the crack 
propagation simulation 
2.The formation of the smoothing domains 







1.It can capture the first two terms of the 
displacement field in plastic fracture 
mechanics 
2. No transitional elements are needed. 
3. No singular term in the integrand. 
4.Smoothing technique can provide more 
accurate result 
1.Remeshing is needed in the crack 
propagation simulation 
2.The formation of the smoothing domains 
in the singular element is a little bit 
complicated 
 
XFEM 1.Based on PUM, the displacement field is 
enriched by analytical solution 
2.It can simulate arbitrary geometry crack 
without conforming to the crack geometry 
in the mesh 
3.It can simulate crack propagation easily 
without remeshing 
4.No transitional elements are needed 
1.Partition of element with crack is 
complicated especially in three-dimension 
2.Blending technique is needed to improve 
the convergence rate  
(to be continued in the next page) 
 





1.It can simulate arbitrary geometry crack 
without conforming to the crack geometry 
in the mesh 
2.It can simulate crack propagation easily 
without remeshing 
3.No singular term in the integrand 
4.Smoothing technique can improve the 
accuracy of XFEM 
5.No transitional elements are needed 
1.The smoothing domain formation in the 
elements with enrichment is a little bit 
complicated. 
 
1.7 Objectives and significance of the thesis 
As mentioned above, smoothing technique has some advantages and can 
eliminate singular term in integration, which is especially applicable to fracture 
mechanics. The aim of this study is to apply smoothing technique to fracture 
mechanics to solve both two-dimensional and three-dimensional fracture problems. 
The specific objectives of this research are:  
 In linear elastic fracture mechanics, 1/ r  singular strain field exist around 
the crack tip. In order to simulate this singular strain field, a five-node 
singular element is devised. In this element the displacement field contains a 
r  term, which results in 1/ r  singular strain field. With a layer of this 
type of elements laid around the crack tip and linear three-node triangular 
elements outside, a singular cell-based smoothed radial point interpolation 
method (SCS-RPIM) is developed for linear elastic fracture mechanics. 
Thanks to the stability of RPIM shape functions, SCS-RPIM is insensitive to 
irregular nodes distribution.  
 In plastic fracture mechanics, singular strain field (the singularity of which 
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depends on the material property) exists around the crack tip. FEM cannot 
have this kind of singular strain field. Therefore, a seven-node singular 
element with a displacement field containing the first two singular terms of 
the analytical solution is developed. With a layer of the seven-node singular 
elements around the crack tip, edge-based smoothed finite element method is 
employed. This method is expected to be superconvergent, ultra-accurate 
and highly efficient.  
In the above two methods, thanks to the compatibility in displacement field 
between the singular elements and the outside three-node triangular elements, 
transitional elements in traditional singular finite element method are not needed any 
more. Transformation of area integration into boundary integration results in the 
elimination of integration of singular term as well as mapping procedure in the 
stiffness matrix calculation.  
 Nowadays, composite materials have become more and more popular. Due 
to the special property of composite materials compared to isotropic 
materials, an edge-based smoothed extended finite element method (ES-
XFEM) for two-dimensional fracture problems in composite materials is 
developed. Specially designed enrichment functions for cracks in anisotropic 
materials, which makes ES-XFEM applicable even for generally anisotropic 
materials, are used.   
 The above three objectives are restricted to two-dimensional fracture 
problems. In order to extend the wideness of smoothing technique, a face-
based smoothed extended finite element method (FS-XFEM) for three-
dimensional fracture problems is developed. With three-dimensional face-
based smoothing technique, smoothing domains are formed based on faces 
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of the elements. In the calculation of stiffness matrix, the integration of 
shape function derivatives over the volume is transformed into integration of 
shape functions multiplied with component of outward unit norm along 
boundary, which is composed of the smoothing domain faces. 
In these two methods, smoothing technique is incorporated into XFEM for two-
dimensional and three-dimensional fracture problems. The advantages of smoothing 
technique and XFEM are combined together. That is smoothing technique can provide 
solution with high accuracy and high efficiency, and XFEM can simulate crack with 
arbitrary geometry and crack propagation without remeshing. Besides this, similar to 
the first two methods, in the calculation of the stiffness matrix, integration of singular 
term and mapping are not needed in ES-XFEM and FS-XFEM. 
Smoothing technique should contribute to the improvement of the accuracy of the 
FEM and XFEM. These newly developed methods may be alternatives for other 
researchers in the simulation of fracture problems. This study mainly focuses on static 
fracture problems. Fatigue analysis is not included.  
1.8 Organization 
In Chapter 1, the introduction is presented. A general history of fracture 
mechanics is reviewed. Two existing numerical methods (FEM and XFEM) for 
fracture mechanics are illustrated. Smoothing technique is also introduced in this part.  
In Chapter 2, cell-based smoothed radial point interpolation method is described 
and applied to two-dimensional elastic fracture problem. A newly developed five-
node singular element is used to capture the characteristics of the singular field 
around the crack tip.  
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In Chapter 3, a singular ES-FEM for plastic fracture mechanics is introduced. In 
this part, a seven-node singular element, which contains both the HRR singularity and 
second order term in the strain field, is introduced. With a layer of seven-node 
elements around the crack tip, singular ES-FEM is employed to solve two examples. 
Chapter 4 focuses on an edge-based smoothed XFEM for fracture in composite 
materials. In this chapter, edge-based smoothing technique is combined with XFEM 
to incorporate the advantages of these two methods. The new method is applied to 
composite materials.  
Chapter 5 describes the face-based smoothed extended finite element method for 
three-dimensional problems. The smoothing technique combined with extended finite 
element method is extended to three-dimensional fracture mechanics for the first time. 
This new method is applied to three examples. 
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Chapter 2 A singular cell-based smoothed radial point 
interpolation method for linear elastic fracture problems 
2.1 Introduction 
In linear elastic fracture mechanics, the stress intensity factor (SIF), which 
characterizes the stress and displacement distribution around the crack tip, is of great 
importance and one of the most essential parameters for failure analysis in cracked 
components. Based on smoothing technique, Chen et al. [80,87,88] has applied edge-
based smoothed finite element method (ES-FEM) and node-based smoothed finite 
element method (NS-FEM) to linear elastic fracture mechanics. In this chapter, a 
singular cell-based smoothed radial point interpolation method (SCS-RPIM) for linear 
elastic fracture mechanics is presented. The major advantage of point interpolation 
method (PIM) is that the shape functions created possess the Kronecker delta function 
property, which allows simple enforcement of essential boundary conditions as in the 
conventional FEM. So far, two types of PIM shape functions have been used with 
different forms of basis functions: polynomial basis functions by Liu et al. [89-90] 
and radial basis functions (RBFs) by Liu and Wang et al. [91-93]. PIM using RBFs is 
termed as radial PIM (RPIM). Because of the use of local approximation, the stability 
needs to be ensured via a weak formulation with proper shape parameter control 
proposed by Liu and Wang et al. [91-93] or weakened weak (W2) formulation 
founded by Liu [78,94]. There are several advantages to use RBF as the basis function 
in constructing PIM shape functions, as shown in Liu’s work [90]. 
1. Using RBF can effectively resolve the singularity problem in the moment 
matrix of the polynomial PIM by Liu [94]. 
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2. RPIM shape functions behave very stably with respect to nodal irregularity 
and hence are very flexible for arbitrary node distribution. 
3. RPIM shape functions can be easily created for three-dimensional domains, 
because RBF is a function of distance and the only variable is the distance. 
Due to the 1/ r  singular strain around the crack tip, properly capturing such 
singularity is crucial for a numerical method. In order to better capture the singularity 
in the vicinity of the crack tip, a five-node singular element developed by Chen and 
Liu [88,95] with a displacement field containing a term r  is adopted in our work, 
shown in Figure 2.1. Several smoothing schemes for the singular elements are devised 
and applied to numerical examples. Three examples are used to test the accuracy of 
the present singular CS-RPIM.  
 
Figure 2.1 Five-node element 
2.2 Cell-based radial point interpolation method 
2.2.1 Basic equations for 2D solids  
Consider a two-dimensional static elasticity problem defined in the domain  , 
bounded by ( ; )u t u t     I    , and governed by the following equations.  
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T 0d  L σ b      in   2.1 
where  dL  is a matrix of differential operator defined as: 
d
0




                
L  2.2 
xx yy xy   [ ]σ  is the vector that collects stress components and T x yb b[ ]b  
is the body force vector. The stress relates the strain via the constitutive equation or 
the generalized Hooke’s law as follows: 
σ Dε 2.3 
in which D  is the matrix of material constants that is defined in equation 2.4, where 










         
D      Plane stress, 
1 0
1
(1 ) 1 0










             
D   Plane strain, 
2.4 
In equation 2.3, T [ 2 ]xx yy xy  ε  is the strain vector that is related to the 
displacement by the following compatibility equation. 
dε L u  2.5 
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where [ ]Tx yu uu is the displacement vector. Strain obtained using equation 2.5 is 
generally called compatible strain. 
There are two types of boundary conditions shown in Figure 2.2: Dirichlet (or 
essential/displacement) boundary conditions and Neumann (or natural/stress) 
boundary conditions. 
Dirichlet boundary conditions: 
u u            on u , 2.6 
where u  is the vector of the prescribed displacements on the essential boundary u . 
Neumann boundary conditions: 
T
n tL σ            on t , 2.7 
where t  is the vector of the prescribed traction on the natural boundary t , and nL  
is the matrix of unit outward normal which can be expressed as: 
0
( , ) 0
x





      







Figure 2.2 A two-dimensional static elasticity problem with boundary condition 
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2.2.2 Edge based T-schemes of node selection 
In this work, all the models are discretized with three-node triangular elements, 
which also serve as smoothing domains. The points of interest or the quadrature 
points are located on the edges of background triangular cells. Therefore, nodes need 
to be selected for the displacement interpolation. Cell-based T-schemes for node 
selection have been presented and work well in NS-PIM and ES-PIM models of 
Zhang [96-97]. For cell-based smoothed method, the smoothing domains are the same 
as the triangular cells and hence the points of interest are located on the edges of the 
triangular cells. Therefore, we need to select nodes for the interpolation of the points 
of interest on the edges of background triangular, which is called edge-based T-
schemes of node selection. In this work, edge-based T4 scheme is adopted. Edges of 
the triangles can be classified into two groups: the first is the interior edge, which is 
located inside the problem domain; the second is the boundary edge, which is located 
on the model boundary. The edge-based T4 scheme selects four nodes for the 
displacement interpolation of a point located on an interior edge and two nodes for 
that located on boundary edge. As depicted in Figure 2.3, when the point of interest 
( x ) is located on an interior edge, four nodes ( 1 4i i ) are selected which are the 
vertexes of the two neighboring cells sharing the edge. These four nodes are 
numbered for approximating displacement field by the radial point interpolation 
method. When the point of interest ( x ) is located on a boundary edge, two end nodes 
( 1j , 2j ) of the edge are selected for the displacement interpolation. The displacement 
along the boundary edge is assumed to be linear interpolation of the two end nodes 
displacements. 
 




Figure 2.3 T4 scheme for node selection for the interpolation at points located at interior side and 
boundary side 
2.2.3 Displacement approximation using RPIM 
The displacement field ( )u x  along the edge is approximated in a local support 
domain constructed by a set of selected nodes using radial basis function ( )iR x  
augmented with polynomial basis function ( )jP x  by Zhang and Hardy [96-98]. 
1 1
( ) ( ) ( ) ( ) ( )
n m
T T
i i j j
i j
u R a P b
 
    x x x R x a P x b  2.9 
where n  is the number of RBFs, which is identical to the number of nodes in the local 
support domain for the point ( x ). m is the number of polynomial basis functions. 
Coefficients ia  and jb  are constants to be determined. 
In the radial basis function ( )iR x , the only variable is the distance between the 
point of interest ( , )x y  and a node ( , )i ix y , where ( , )i ix y  is the coordinate of node 
comprising the support domain. For a 2D problem, r  is defined as: 
2 2 1/ 2[( ) ( ) ]i ir x x y y     2.10 
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There are four types of RBFs: multi-quadrics (MQ) function, Gaussian radial 
function, thin plate spline (TPS) function and Logarithmic radial basis function. In 
this work, the MQ function with parameters c  and q  is adopted to construct RPIM 
shape functions [90,94,99].  
q
ccii dryxR ))((),(
22   2.11 
Here 4.0c  , 1.03q   and cd  is the average dimension of the background triangular 
cells. ( )jP x  is the basis function of monomials built utilizing the Pascal’s triangles. 
1 1 1[1 ( )]j mP x y p X  2.12 
The constants ia  and jb  are determined by making equation 2.9 satisfied at these 
n  nodes in the local support domain. There are m n  unknowns in equation 2.9, but 
equation 2.9 consists only n  equations. So another m  equations should be required. 









  P a   mj ,,2,1   2.13 









  2.14 
where 
 1 2 ( )0 0 0e n m nu u u U    2.15 
T
0 1 2 1 2[ ]n ma a a b b ba    2.16 
Then the displacement can be rewritten as: 
T
1






  x Uφ x  2.17 
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2.2.4 Singular shape function 
The most important issue of linear elastic fracture mechanics is that the stress 
and strain field around the crack tip possesses the singularity of the inverse square 
root. Common elements cannot simulate this kind of stress and strain fields. In FEM, 
singular element is used to deal with the singularity around the crack tip. The most 
popular singular elements are the eight-node quarter-point element and the six-node 
quarter-point element. In these elements, the middle nodes of the edges linking to the 
crack tip are shifted to the quarter points (near the crack tip) of the edges [37-39]. 
However, using this kind of singular element, transitional elements are needed to 
ensure the compatible displacement field between the singular elements and common 
elements, which increases the computational cost greatly. In this work, a layer of five-
node singular elements by Chen and Liu [88,95] containing the crack tip are used 
within the framework of CS-RPIM to construct singular strain field. As shown in 
Figure 2.1, in this singular element an additional node is added to each edge 
originating from the crack tip. The location of the added node is at one quarter point 
of the edge from the crack tip. Within this singular element, the displacement is 
assumed to contain r  term, thus 1/ r singular strain and stress fields can be 
created. Within this element, displacement field function ( )u x  along the edges 
originating from the crack tip can be approximated using: 
0 1 2( )u a a r a r  x  2.18 
where r is the radial distance between the crack tip and the point ( x ). 0a , 1a , 2a  are the 
interpolation coefficients corresponding to the given point ( x ). The coefficients 0a , 1a  
and 2a  can be determined by enforcing equation 2.18 to exactly pass through nodal 
values of the three nodes along the edge. 
 
Chapter 2                                                                                                                                    SCS-RPIM 
38 
 
1 0 1 1 2 1
2 0 1 2 2 2
3 0 1 3 2 3
u a a r a r
u a a r a r





where 1r , 2r  and 3r  are the radial distances between the three nodes and the crack tip, 
respectively. Solving these three equations for 1a , 2a  and 3a , and substituting them 





( ) 1 2 3 4 4 2
u
r r r r r ru u
l l l l l l
u  




where l  is the length of the edge. 1 , 2  and 3  are the shape functions for these three 
nodes on the edge respectively. 1u , 2u  and 3u  are the displacements of the three nodes.  
The displacement along the edge opposite to the crack tip can be constructed by linear 
interpolation to be displacement-compatible with the outside elements. As the strain 
matrix is calculated by the integration of shape functions multiplied by the component 
of unit outward vector along the edges of the cell, there will not be singular term in 
the integrand, which can result in error in the process of Gauss quadrature. This is one 
of the advantages this singular element shows, compared to other methods. 
Meanwhile, there are only two nodes along the edge opposite to the crack tip, so the 
displacement field of this singular element is compatible with common elements. 
Transitional elements of commonly singular FEM or blending elements of XFEM are 
not needed in our method.  
2.2.5 Cell-based smoothed strain 
The smoothed strains are obtained using the generalized smoothing operation 
defined in equation 2.21 [77], with displacement field constructed using RPIM shape 
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functions. The smoothing domains are generally constructed based on the background 
triangular cells. In the scheme of present CS-RPIM, the triangular background cells 
serve as smoothing domains. Our shape functions are created for points on the edges 
of the cells, which are always continuous.  
Substituting equation 2.17 into equation 2.21 to perform the strain smoothing 
operation over each triangular background cell, the cell based smoothed strain kε  can 
be given in equation 2.22. 
1( ) ( )d 2s
k
T









ik n i k is
i Nk
u d x u
A  
   ε L φ B  2.22 
where φ  is the matrix of RPIM shape functions, skA  is the area of the smoothing 
domain, sk  is the boundary of the smoothing domain, and inf lN  is the number of 
nodes involved in constructing the displacement field along the smoothing domain 
s
k . The smoothed strain matrix ( )i kxB  can be expressed as: 
( ) 0
( ) 0 ( )
( ) ( )
ix k
i k iy k
iy k ix k
b x
x b x
b x b x
      
B  2.23 
where ( )ix kb x  and ( )iy kb x  are obtained as: 
1 ( ) ( )  ( , )
s
k
il i k l ks
k
b x n x d l x y
A
    2.24 
Note that the above integrand does not contain any singular term so that it can be 
performed using the standard Gauss quadrature. By Gauss quadrature, the above 
equation can be expressed as: 
 




1 ( ) ( )
seg gauN N
il n i k l ks
m nk




          ( , )l x y  2.25 
where segN  is the number of segments the boundary 
s
k  consists of ( 3segN ). gauN  is 
the number of Gauss points used on each segment and nw  is the corresponding weight 
of Gauss quadrature point.  
Based on the CS-RPIM procedure, the entry of the global stiffness matrix of the 
whole model is a summation of the sub-matrices of the stiffness matrix associated 






 K K  2.26 
where IJK  is the entry located at thI  row and thJ  column of the global stiffness 
matrix and kIJ ,K  is that of the stiffness matrix of the thk  smoothing domain, and sN  
is the total number of smoothing domains. Because the strains within the smoothing 




IJ k I JkAK B DB  2.27 
We note here again that there is no need for numerical integration for computing the 
stiffness matrix (unlike the standard weak formulations). All we need is the simple 
and standard (non-singular) integration performed in equations 2.24 and 2.25.   
2.2.6 Different schemes of strain smoothing in the singular element 
In order to capture the singularity of the stress and strain field around the crack 
tip more accurately, several smoothing schemes have been adopted over the five-node 
singular elements around the crack tip.   
(1) SCS-RPIM-2d.  
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In this scheme, the two quarter nodes are linked with a line, which divides the 
five-node element into two smoothing domains (ADE and BCDE) shown in 
Figure 2.4(a). In the singular element, the displacement fields along edges AB and 
AC are approximated by equation 2.20. The displacement along edge DE is 
assumed to be linear interpolation of Du  and Eu . In order to have a compatible 
displacement field with the connected common triangular element, which shares 
the same edge BC with the singular element, the displacement field along BC is 
approximated by cell-based radial point interpolation method. The support domain 
is selected by T4 node selection scheme just taking nodes A, B and C into 
consideration, neglecting nodes D and E. Two smoothing domains comprise the 
singular element. The strain smoothing operation is performed over ADE and 
BCDE respectively. This scheme is named as SCS-RPIM-2d to be referred to in 
our later discussion. 
(2) SCS-RPIM-4d. 
In order to have the effect of finer mesh around the crack tip, the singular element 
is split into four domains in this scheme. Four more points are added to the middle 
points of edges AD DB AE and EC respectively, without increasing the number of 
DOFs (degrees of freedom) in the whole model. These four points will partition 
the element into four smoothing domains (AFG, FGDE, DHIE and HIBC) by 
linking DE, FG and HI, shown in Figure 2.4(b). The displacements of these four 
points can be interpolated by the displacement of the three nodes on the same 
edges using equation 2.20. In the singular element, we approximate displacement 
fields along FG, DE and HI by linear interpolation of their own two-end nodes (or 
points) displacements respectively. The displacement field along edge BC is in the 
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same manner as mentioned in scheme SCS-RPIM-2d. The smoothing operations 
are performed over four domains independently. Due to the four smoothing 
domains associated with each singular element around the crack tip, this scheme is 
thus named SCS-RPIM-4d.  
(3) SCS-RPIM-3d 
In this scheme, two additional points (F, G) are employed to divide the singular 
element into three smoothing domains (ADE, DFGE and FBCG) by linking DE 
and FG shown in Figure 2.4(c). The smoothing operation can be performed over 
each of the three domains. This scheme is named as SCS-RPIM-3d. The two 
points are arranged to the middle points of DB and EC, without increasing the 
number of DOFs. The displacement fields along DE and FG can be obtained by 
linear interpolation of the two end nodes (or points) displacements. The 
displacement field along BC is obtained in the same way as mentioned in SCS-
RPIM-2d.  
(4) SCS-RPIM-3d2 
The only difference between this scheme and previous SCS-RPIM-3d is the 
locations of the two newly added points (F,G), which are shifted to the middle 
points of DB and EC in this scheme. All other settings are the same with SCS-
RPIM-3d. The three domains ADE, DFGE and FBCG are shown in Figure 2.5(d). 
In order to be different from SCS-RPIM-3d, this scheme is termed as SCS-RPIM-
3d2. 
(5) ST5-T3 
In order to better validate the way of dealing with singularity in this chapter, ST5-
T3 scheme is devised in this chapter. In this scheme, a layer of five-node elements 
are adopted around the crack tip, and the singular element is divided into two 
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smoothing domains, with smoothing operation performed over each of the two 
domains, the same way to SCS-RPIM-2d. All the other elements are 3-node 
triangular elements. The displacement field in other elements is in the same 
manner as that of linear triangular element in FEM. The stiffness matrix of in the 
linear triangular element is obtained in the same way as what we do in FEM. The 
only difference between this method and FEM is that a layer of five-node singular 
elements are used around the crack tip. All the other settings are the same with 
FEM. If this method is effective, the singular element devised in this study is 
effective and applicable to linear elastic fracture mechanics. Note that in order to 
have a compatible displacement field with the connected triangular element, 
which shares the same edge BC, the displacement field along edge BC is produced 
by linear interpolation of Bu  and Cu .  Therefore this scheme is named as ST5-T3.  
  
 




Figure 2.4 Different schemes of strain smoothing (a):SCS-RPIM-2d, (b):SCS-RPIM-4d, (c): SCS-
RPIM-3d, (d) SCS-RPIM-3d2 (different types of shadows stand for different smoothing domains)
2.3 Domain interaction integral methods for 2D fracture problems 
The interaction integral method [40,42] is one of the methods to calculate stress 
intensity factor in fracture mechanics. In this method, there are two states of a cracked 
body considered. One is the present state to be solved with the parameters of ( (1)ij ,
(1)
ij , (1)iu ), and the other is an auxiliary state with the parameters of ( (2)ij , (2)ij , (2)iu ), 
which could be a state of pure mode I or pure mode II. Two simple conditions exist 
for the stress intensity factors regarding the auxiliary fields. 
(2) (2)1& 0I IIK K  , for pure mode I 
(2) (2)0 & 1I IIK K  , for pure mode II 
2.28 




2J ik ik xj ij i x j
J u n d       2.29 
The superimposition can also be applied to linear elastic fracture mechanics. Hence, 
we have: 
 
Chapter 2                                                                                                                                    SCS-RPIM 
45 
 
(1 2) (1) (2)








   2.30 
Then the value of J-contour integral for the mixed state of 1 and 2 can be derived. 
(1) (2)
(1 2) (1) (2) (1) (2) (1) (2)
1
1
1 ( )( ( )( ) ( ) )
2J
i i
ij ij ij ij j ij ij j
u uJ n d
x
       
        2.31 
Expanding and rearranging equation  2.31 yields: 
(1 2) (1) (2) (1,2)J J J I     2.32 
where (1,2)I  is named the interaction integral for states 1 and 2, and can be expressed 
as: 
(1,2) (1) (2) (1) (2) (2) (1)
, ,( )
J
ik ik xj ij i x ij i x jI u u n d         2.33 
(1 2)J   can also be given by equation 2.34: 
(1 2) 2 (1 2) 2
(1 2)
* *
( ) ( )I IIK KJ
E E
 
    2.34 
Here * 2/(1 )E E   for plane strain, *E E  for plane stress condition.  
Substituting equation 2.30 into equation 2.34 gives us: 
(1 2) (1) (2) 1 2 1 2
*
2 ( )I I II IIJ J J K K K KE
      2.35 
Comparing equation 2.32 and equation 2.35, we can arrive at 
(1,2) 1 2 1 2
*
2 ( )I I II III K K K KE
   2.36 













  2.37 
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In order to get stress intensity factor, the integral in equation 2.33 should be 
obtained. According to the divergence theorem, the path integral can be transformed 
into area integral by multiplying the integrand of equation 2.33 by a weighting 
function q . q  is set to be 1 inside the area enclosed by the integral path and 0 outside 
the area. Then equation 2.33 can be rewritten as: 
(1,2) (1) (2) (1) (2) (2) (1)
, ,( )ik ik xj ij i x ij i x jCI u u n qd         2.38 
where o i u dC C C C C     and jn  is the unit outward vector of C , where j jn m  
on oC , uC  and dC , j jn m   on iC , shown in Figure 2.5. 
Using the divergence theorem and passing to the limit as the contour iC  is shrunk 
to the crack tip, gives the following equation for the area-path interaction integral in 
domain form: 
(1,2) (1) (2) (1) (2) (2) (1)
, ,( )ik ik xj ij i x ij i xA
j
qI u u dA
x
           2.39 
For the above integral, shown in Figure 2.5, the domain A  is set to be the 
collection of all the elements that have at least a node within a radius of j cr r d  ( cr  
is a dimensionless parameter, d  is the average dimension of the singular elements 
around the crack tip) and this element set is denoted as N . 
The weighting function q  is defined as mentioned above. So the gradient of q  
within the element belonging to inN  (the nodes of which are all inside A ), has no 
contribution to the interaction integral, and non-zero contribution to the integral is 
obtained only for elements set effN  with an edge that intersects the boundary of A . 
Therefore, equation 2.39 can be rewritten as: 
 











ik ik xj ij i x ij i xA
n j
qI u u dA
x
    

      2.40 




Figure 2.5 (a) Integration domain is enclosed by o i u dC C C C C    , j jn m  on , ,o u dC C C ,
j jn m   on iC  (b) Different types of elements around the crack tip for the area integration 
2.4 Numerical implementation 
The numerical implementation procedure of the singular CS-RPIM is listed as 
follows: 
(1) Mesh the domain; obtain node coordinate and element information. 
(2) Find the support domain for edges of common elements according to edge based 
T-schemes of node selection, and edges originating from the crack tip using the 
schemes listed in Section 2.2.6 .  
(3) Loop over cells 
(I) Obtain the outward unit normal vector of the edge; 
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(II) Calculate the smoothed strain gradient matrix B  by using equation from 2.23 to 
2.25 for normal cells and crack tip element cells according to different schemes 
respectively; 
(III) Substitute B  into equation 2.27 to give the stiffness matrix IJth entry; 
(IV) Assemble the global stiffness matrix of the problem. 
(4) Implement boundary conditions including the displacement boundary conditions 
and stress boundary conditions. 
(5) Solve the equation and obtain the displacements of nodes. 
(6) Calculate the parameters needed, such as strain energy, strain, stress and stress 
intensity factors. 
2.5 Numerical examples 
Three examples are presented in this study to test our methods: rectangular plate 
with a single edge crack under tension (shown in Figure 2.6), rectangular plate with a 
single edge crack under shear (shown in Figure 2.11) and an inclined crack in 
rectangular plate under tension (shown in Figure 2.15). Different schemes are used in 
our calculation. Strain energy and stress intensity factors (SIFs) of the different 
schemes are calculated and compared.        
2.5.1 Rectangular plate with an edge crack under tension 
An edge crack in a plate under tension is first analyzed shown in Figure 2.6. The 
dimensions of the model are: the width 1 mmb  , the height 2 mmH   and the 
crack length 0.3 mma  . The load 1 MPa   is loaded on the top edge of the plate. 
The material parameters are: Young’s modulus 31 10  MPaE    and the Poisson’s 
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ratio 0.3  . The displacements in the y direction are fixed at the bottom edge and 
the plate is clamped at the bottom left corner. Assume the plate is under plane strain. 
 
Figure 2.6 Plate with edge crack under remote tension 
2.5.1.1 Influence of the number of Gauss points 
Gauss quadrature method is used in the process of numerical integration along 
each edge of smoothing domains, see equation 2.25. The number of Gauss points 
affects both the accuracy of the results and the computational cost in our calculation. 
Thus using the computed strain energy and SIFs as index parameters, we first study 
the influence of the Gauss point number on the numerical results. In this study, the 
SCS-RPIM-4d scheme is used with a mesh of 21×41 shown in Figure 2.7. The 
results are listed in Table 2.1. From the results, it can be seen that the strain energy 
and the SIFs stay nearly constant when more than three Gauss points are used. So in 
our later calculation, four Gauss points are used in the numerical integration along 
each edge of the smoothing domain. 
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Figure 2.7 Mesh of plate with edge crack (21nodes×41nodes) 
 
Table 2.1 The effect of the number of Gauss points on the strain energy (×10-3 mJ) and 
MPa mm( )IK  
gauN  Strain energy IK   
1 1.14196283 1.593119 
2 1.15993944 1.646992 
3 1.15983803 1.646683 
4 1.15983861 1.646683 
5 1.15983867 1.646683 
6 1.15983867 1.646683 
7 1.15983867 1.646683 
2.5.1.2 Domain independence study 
In linear elastic fracture mechanics, the SIFs should be domain independent. In 
order to check the validity of our method, the influence of the integration domain on 
the SIFs is studied. The SCS-RPIM-3d2 is used with several integration domain sizes 
and different meshes, and the computed SIFs are listed in Table 2.2. As can be seen, 
with different mesh densities, when cr  is greater or equal to 3.0, the SIFs remain 
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nearly the same for different cr . So in this work, 3.0cr   is used to determine the 
dimension of the interaction integral domain for all computations. 
Table 2.2 The variation of IK  ( MPa mm ) with the integration domain radius 
cr 31×61 41×81 51×101 61×121 71×141 81×161 
2.0 1.5982 1.6051 1.6079 1.6093 1.6102 1.6107 
2.5 1.5984 1.6050 1.6077 1.6090 1.6098 1.6103 
3.0 1.5985 1.6051 1.6079 1.6093 1.6100 1.6105 
3.5 1.5985 1.6051 1.6079 1.6093 1.6101 1.6106 
4.0 1.5986 1.6052 1.6080 1.6093 1.6101 1.6106 
4.5 1.5986 1.6051 1.6078 1.6092 1.6100 1.6105 
2.5.1.3 The sensitivity of RPIM to the nodes distribution 
All the methods devised in this work are based on RPIM, which is reported to be 
effective for arbitrarily distributed nodes. However, for fracture mechanics it’s not 
clear whether RPIM is sensitive to nodes distribution. So it's necessary to investigate 
the influence of irregularity of the nodes distribution on the results of RPIM.  
In order to investigate the influence of nodes distribution, we introduce a 
parameter r  to cause irregularity in the meshes in Figure 2.7. A number c  is 





X X h r c
Y Y h r c
  
    2.41 
Here ( , )r rX Y  are the node coordinates of regular mesh, ( , )ir irX Y  are the node 
coordinates of irregular mesh. xh  is the average distance of two adjacent nodes in X
direction and yh  is the average distance of two adjacent nodes in Y direction. 
Different values of r  are used to introduce different degrees of irregularity. The 
irregular mesh for 21×41 is plotted in Figure 2.8. The strain energy of the first 
example with 21×41 nodes meshes against the irregularity parameter r  is listed in 
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with a very fine mesh (340,630 nodes). The exact solution of SIF is obtained by 
equation 2.42. 
IrK C a   2.42 
where C  is given in equation 2.43: 
2 3 41.12 0.231( ) 10.55( ) 21.72( ) 30.39( )a a a aC
b b b b
      2.43 
Here a  and b  are the crack length and the width of the plate, respectively. 
SIFs are normalized by the exact solutions given in equation 2.42. The strain 
energy and the normalized SIFs obtained using different methods with different mesh 
densities are plotted in Figures 2.8 and 2.9, and the detailed values are listed in Tables. 
2.4 and 2.5. It can be seen that the strain energy and the SIFs of the CS-RPIM and 
different schemes of singular CS-RPIM are closer to the reference solution or exact 
solution than those of FEM-T3 with the same DOFs. Among the different schemes 
proposed in this work, SCS-RPIM-2d provides an upper bound solution for both 
strain energy and SIFs with excellent accuracy and other schemes also provide more 
accurate solution than FEM-T3.  This can be an evidence of the high efficiency of the 
singular element around the crack tip adopted in this chapter. The strain energy errors 
of SCS-RPIM-2d and singular FEM-T6 compared to the reference solution are listed 
in Table 2.6. From the comparison, it can be seen that the results of SCS-RPIM-2d are 
closer to the reference solution than singular FEM-T6 
 








Figure 2.10 Plate with edge crack under tension: the variation of normalized IK  with number of nodes 
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Table 2.4 Plate with edge crack under remote tension: strain energy with different meshes and different 
schemes (×10-3 mJ) (Reference solution is 1.1637×10-3 mJ) 
Mesh 21×41 31×61 41×81 51×101 61×121 71×141 81×161 
CS-RPIM 1.1367 1.1453 1.1497 1.1524 1.1543 1.1556 1.1566 
SCS-RPIM-3d 1.1579 1.1597 1.1606 1.1612 1.1616 1.1619 1.1621 
SCS-RPIM-3d2 1.1520 1.1591 1.1613 1.1622 1.1626 1.1629 1.1630 
SCS-RPIM-2d 1.1647 1.1642 1.1640 1.1639 1.1639 1.1638 1.1638 
SCS-RPIM-4d 1.1570 1.1591 1.1602 1.1608 1.1613 1.1616 1.1619 
FEM-T3 1.1207 1.1341 1.1411 1.1455 1.1484 1.1505 1.1521 
Singular FEM-T6 1.1620  1.1629  1.1631  1.1633 
ST5-T3 1.1569 1.1589 1.1601 1.1607 1.1612 1.1615 1.1618 
 
Table 2.5 Plate with edge crack under remote tension: normalized IK  with different meshes and 
different schemes (Reference solution is 1) 
Mesh 21×41 31×61 41×81 51×101 61×121 71×141 81×161 
CS-RPIM 0.9591 0.9722 0.9790 0.9832 0.9861 0.9881 0.9897 
SCS-RPIM-3d 0.9913 0.9941 0.9956 0.9965 0.9972 0.9977 0.9980 
SCS-RPIM-3d2 0.9782 0.9920 0.9960 0.9978 0.9987 0.9991 0.9995 
SCS-RPIM-2d 1.0023 1.0013 1.0011 1.0009 1.0008 1.0008 1.0007 
SCS-RPIM-4d 0.9901 0.9931 0.9949 0.9960 0.9967 0.9972 0.9977 
FEM-T3 0.9316 0.9536 0.9649 0.9718 0.9764 0.9798 0.9823 
Singular FEM-T6 0.9981  0.9994  0.9998  1.0001 
ST5-T3 0.9871  0.9918 0.9941 0.9954 0.9962 0.9968 0.9973 
 
Table 2.6 The comparison of strain energy (×10-3 mJ) and error for plate with edge crack under 
remote tension by between SCS-RPIM-2d and singular FEM-T6 
Number of nodes SCS-RPIM-2d (error %) Singular FEM-T6 (error %) 
861 1.164677(0.086) 1.162022(0.142) 
3321 1.164039(0.0317) 1.162867(0.069) 
7381 1.163881(0.0182) 1.16314(0.0455) 
13041 1.163881(0.0182) 1.163274(0.0340) 
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2.5.1.5 Comparision between SCS-RPIM and SES-FEM 
As we know, SES-FEM has been developed for two-dimensional fracture 
mechanics [80,87,95]. In SES-FEM, smoothing technique is used with a layer of five-
node singular elements around the crack tip. The difference between SES-FEM and 
SCS-RPIM is that the smoothing domains in SES-FEM are formed based on edges of 
the element and the smoothing domains in SCS-RPIM are formed based on cells 
(elements). For each edge there is a smoothing domain. For interior edge, two 
elements share one edge. For boundary edge, only one element ‘shares’ the edge. 
Therefore, the number of the edges is more than one and a half times the number of 
elements. This means the number of smoothing domains in SES-FEM is more than 50% 
bigger than the number of smoothing domains in SCS-RPIM. As it is known that for 
each smoothing domain, the stiffness matrix has to be calculated once. Thus more 
time has to be spent on the calculation of stiffness matrix of all the smoothing 
domains and the assemblage of the total stiffness matrix. The results of SES-FEM and 
SCS-RPIM are plotted and compared in Figures 2.11 and 2.12. From the figures, we 
can see that in terms of strain energy SCS-RPIM-2d is closer to the reference solution 
than SES-FEM. Other schemes can provide strain energy lower than SES-FEM to the 
reference solution. When the mesh is coarse, the strain energy of SCS-RPIM-3d2 is 
lower than SES-FEM. As the mesh density increases, SCS-RPIM-3d2 can provide 
nearly the same strain energy with SES-FEM. This means that the convergence rate of 
SCS-RPIM-3d2 can be better.  In terms of stress intensity factor, at the beginning 
SCS-RPIM-3d2 is lower than SES-FEM. With the increment of mesh density, SCS-
RPIM-3d2 results can match SES-FEM. 
 




Figure 2.11 Comparsion between different schemes of SCS-RPIM and SES-FEM in strain energy for 
plate with edge crack under tension  
 
 
Figure 2.12 Comparsion between different schemes of SCS-RPIM and SES-FEM normalized SIF for 
plate with edge crack under tension 
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2.5.2 Rectangular plate with an edge crack under shear 
In the previous example, we only considered pure Mode I case, for which our 
method can have more accurate results than FEM-T3. Now we consider an edge 
cracked rectangular plate under remote shear tractions, which is a mixed-mode case 
containing both mode I and II. The dimension of the plate is 16 mm 7 mm , the 
crack length 3.5 mma   and boundary conditions are shown in Figure 2.13. The 
Young’s modulus 73 10  PaE    and Poisson’s ratio 0.25   are used in this case. 
The load 1.0 MPa   is applied on the top edge of the model. The model is under 
plane strain condition. The mesh densities adopted in this example are the same as the 
previous example. Also different methods are applied to this example.  
The reference solutions of strain energy and SIFs ( IrK  and IIrK ) are obtained 
using the singular FEM-T6 with a very fine mesh (401,677nodes). The computed SIFs, 
IK  and IIK , are normalized by the reference solutions IrK  and IIrK , respectively. 
The strain energy and the normalized SIFs for this example obtained using 
different numerical methods are plotted and listed in Figures 2.14-2.16 and Tables 
2.6-2.9. It can be seen again that the strain energy and the SIFs obtained by different 
schemes of SCS-RPIM approach the exact solutions much better than those of the 
standard FEM-T3 with the same mesh. The singular element devised in this work 
proves to be effective again. The strain energy obtained by SCS-RPIM-2d and that by 
singular FEM-T6 are listed and compared in Table 2.9. Also the error of the strain 
energy to the reference solution is listed. From the table we can see that SCS-RPIM-
2d has a more accurate strain energy compared to singular FEM-T6 with the same 
number of nodes.    
 





Figure 2.13 Plate with edge crack under shear 
 
 
Figure 2.14 Plate with edge crack under shear: the variation of strain energy with number of nodes by 
different methods 
 








































Figure 2.15 Plate with edge crack under shear: the variation of normalized IK  with number of nodes 
by different methods 
 
 
Figure 2.16 Plate with edge crack under shear: the variation of normalized IIK  with number of nodes 
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Table 2.7 Plate with edge crack under shear: strain energy with different meshes and different 
schemes (×10-5 mJ) (Reference Solution is 8.8879×10-5 mJ) 
Mesh 21×41 31×61 41×81 51×101 61×121 71×141 81×161 
CS_RPIM 8.3748 8.5214 8.6042 8.6593 8.6995 8.7306 8.7557 
SCSRPIM_3d 8.6039 8.6821 8.7280 8.7599 8.7842 8.8038 8.8201 
SCS_RPIM_3d2 8.2165 8.5548 8.6758 8.7369 8.7745 8.8009 8.8210 
SCS_RPIM_2d 8.7028 8.7468 8.7760 8.7981 8.8159 8.8308 8.8437 
SCS_RPIM_4d 8.5929 8.6747 8.7225 8.7555 8.7805 8.8006 8.8173 
FEM-T3 7.9678 8.2278 8.3638 8.4494 8.5093 8.5542 8.5894 
Singular FEM-T6 8.6391  8.7153  8.7571  8.7864 
ST5-T3 8.4018 8.5348 8.6008 8.6422 8.6717 8.6945 8.7129 
 
Table 2.8 Plate with edge crack under shear: normalized IK with different meshes and different 
schemes (Reference solution is 1) 
Mesh 21×41 31×61 41×81 51×101 61×121 71×141 81×161 
CS-RPIM 0.9360 0.9567 0.9673 0.9737 0.9781 0.9812 0.9835 
SCS-RPIM-3d 0.9814 0.9885 0.9918 0.9936 0.9948 0.9956 0.9962 
SCS-RPIM-3d2 0.9355 0.9752 0.9874 0.9925 0.9951 0.9966 0.9975 
SCS-RPIM-2d 0.9997 1.0005 1.0007 1.0007 1.0007 1.0007 1.0006 
SCS-RPIM-4d 0.9793 0.9871 0.9907 0.9927 0.9941 0.9950 0.9957 
FEM-T3 0.8874 0.9251 0.9440 0.9553 0.9629 0.9682 0.9723 
Singular FEM-T6 0.9972  0.9987  0.9991  0.9994 
ST5-T3 0.9942 0.9960 0.9969 0.9975 0.9979 0.9982 0.9984 
 
Table 2.9 Plate with edge crack under shear: normalized IIK with different meshes and different 
schemes (Reference solution is 1) 
Mesh 21×41 31×61 41×81 51×101 61×121 71×141 81×161 
CS-RPIM 0.9815 0.9862 0.9891 0.9909 0.9921 0.9930 0.9937 
SCS-RPIM-3d 0.9883 0.9911 0.9928 0.9938 0.9945 0.9950 0.9953 
SCS-RPIM-3d2 0.9590 0.9849 0.9928 0.9959 0.9974 0.9981 0.9985 
SCS-RPIM-2d 1.0064 1.0030 1.0016 1.0009 1.0004 1.0000 1.0000 
SCS-RPIM-4d 0.9886 0.9913 0.9930 0.9942 0.9947 0.9951 0.9955 
FEM-T3 0.9363 0.9556 0.9661 0.9727 0.9772 0.9804 0.9828 
Singular FEM-T6 0.9964  0.9974  0.9979  0.9982 
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Table 2.10 The strain energy (×10-5 mJ) and error for plate with edge crack under remote tension by 
SCS-RPIM-2d and singular FEM-T6 
Number of nodes SCS-RPIM-2d (error %) Singular FEM-T6(error %) 
861 8.702759(2.08) 8.639063(2.80) 
3321 8.775995(1.26) 8.715257(1.94) 
7381 8.815871(0.811) 8.757142(1.47) 
13041 8.843731(0.497) 8.786392(1.14) 
2.5.3 An inclined crack in rectangular plate under tension  
Each of the specimens in the previous two examples only contains one crack tip. 
To demonstrate the wide applicability of our method, an inclined crack with two crack 
tips in rectangular plate under tension is considered in this example, shown in Figure 
2.17. The plate is 10 mm 10 mm , with a   inclined crack from the horizontal line in 
the center of the plate. The crack length is 2 2  mma  . In this simulation, two 
values of  , 45°and 60° will be used. The Young’s modulus of the plate is 
MPa 30E  and the Poisson’s ratio 0.3  . The tension load 1 MPa   is applied 
on the top edge. The plate is assumed to be under plane strain condition.  
We discretize the model with different mesh densities (37×37,61×61,85×
85,109×109 and 121×121). The mesh of the model is shown in Figure 2.18. The 
reference solution of strain energy and SIFs are calculated by singular FEM with 
766305 and 578582 nodes for o o45 , 60   respectively. The results are plotted in 
Figures 2.19-2.24 and listed in Tables. 2.11-2.13, 2.15-2.17. Note that the computed 













  2.44 
where 0IK  is the stress intensity factor of pure Mode I crack, when   0 °. 
0IK a   2.45 
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From the results, we can see CS-RPIM and different schemes of singular CS-
RPIM provide more accurate solutions than FEM-T3. SCS-RPIM-2d provides a very 
tight upper bound solution and the other methods give lower bound solutions in strain 
energy norm. 
In addition, the error of the strain energy to the reference solution is listed in 
Tables 2.14 and 2.18. From the tables, we can see that SCS-RPIM-3d2 has a more 
accurate strain energy compared with singular FEM-T6 when 045 , but when 





Figure 2.17 An inclined crack in rectangular plate under tension 
 
 




Figure 2.18 Plate with an inclined crack:(a) mesh of the whole model (73nodes×73nodes),(b) mesh 
around of the crack 
 
 
Figure 2.19 A 45° inclined crack in rectangular plate under tension: the variation of strain energy with 
number of nodes by different methods 
 





































Figure 2.20 A 45° inclined crack in rectangular plate under tension: the variation of normalized IK
with number of nodes by different methods
 
 
Figure 2.21 A 45° inclined crack in rectangular plate under tension: the variation of normalized IIK  
with number of nodes by different methods 
 


















































Figure 2.22 A 60° inclined crack in rectangular plate under tension: the variation of strain energy with 
number of nodes by different methods 
 
 
Figure 2.23 A 60° inclined crack in rectangular plate under tension: the variation of normalized IK  
with number of nodes by different methods 
 





























































Figure 2.24 A 60° inclined crack in rectangular plate under tension: the variation of normalized IIK  
with number of nodes by different methods 
Table 2.11 Plate with a 45° inclined crack under tension: strain energy (×10-6 mJ) with different meshes 
and different schemes (Reference solution is 1.5874×10-6 mJ) 
Mesh 37×37 61×61 85×85 109×109 121×121 
CS-RPIM 1.5832 1.5850 1.5857 1.5861 1.5862 
SCS-RPIM-3d 1.5869 1.5871 1.5872 1.5873 1.5873 
SCS-RPIM-3d2 1.5871 1.5874 1.5874 1.5874 1.5874 
SCS-RPIM-2d 1.5876 1.5876 1.5875 1.5875 1.5875 
SCS-RPIM-4d 1.5868 1.5870 1.5871 1.5872 1.5872 
FEM-T3 1.5821 1.5842 1.5851 1.5856 1.5858 
Singular FEM-T6 1.5870 1.5873 1.5874 1.5874 1.5874 
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Table 2.12 Plate with a 45° inclined crack under tension: normalized IK with different meshes and 
different schemes (Reference solution is 1.0216) 
Mesh 37×37 61×61 85×85 109×109 121×121 
CS-RPIM 1.0095 1.0123 1.0145 1.0159 1.0163 
SCS-RPIM-3d 1.0190 1.0195 1.0198 1.0201 1.0202 
SCS-RPIM-3d2 1.0172 1.0181 1.0188 1.0192 1.0193 
SCS-RPIM-2d 1.0187 1.0192 1.0196 1.0197 1.0198 
SCS-RPIM-4d 1.0163 1.0173 1.0182 1.0187 1.0189 
FEM-T3 0.9968 1.0076 1.0135 1.0140 1.0142 
Singular FEM-T6 1.0181 1.0193 1.0201 1.0203 1.0203 
ST5-T3 1.0122 1.0158 1.0173 1.0181 1.0183 
 
Table 2.13 Plate with a 45° inclined crack under tension: normalized IIK with different meshes and 
different schemes (Reference solution is 1.0112) 
Mesh 37×37 61×61 85×85 109×109 121×121 
CS-RPIM 0.9976 1.0009 1.0035 1.0050 1.0055 
SCS-RPIM-3d 1.0059 1.0073 1.0080 1.0084 1.0085 
SCS-RPIM-3d2 1.0064 1.0091 1.0093 1.0099 1.0095 
SCS-RPIM-2d 1.0143 1.0130 1.0120 1.0118 1.0117 
SCS-RPIM-4d 1.0071 1.0080 1.0087 1.0091 1.0092 
FEM-T3 0.9966 1.0033 1.0043 1.0050 1.0056 
Singular FEM-T6 1.0100 1.0103 1.0105 1.0106 1.0106 
ST5-T3 1.0088 1.0095 1.0099 1.0101 1.0102 
 
Table 2.14 The strain energy (×10-6 mJ) and error for plate with a 45° inclined crack under tension by 
SCS-RPIM-3d2 and singular FEM-T6 
Number of nodes SCS-RPIM-3d2 (error %) Singular FEM-T6 (error %) 
1369 1.58709 (0.027) 1.5869076 (0.0342) 
3721 1.58735 (0.00630) 1.5873046(0.00916) 
7225 1.58740 (0.00315) 1.5873678(0.00518) 
11881 1.58742 (0.00189) 1.5873928(0.00360) 
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Table 2.15 Plate with a 60° inclined crack under tension: strain energy (×10-6 mJ) with different meshes 
and different schemes (Reference solution is 1.574942×10-6 mJ) 
Mesh 37×37 61×61 85×85 109×109 121×121 
CS-RPIM 1.57272 1.57362 1.57400 1.57422 1.57429 
SCS-RPIM-3d 1.57478 1.57483 1.57486 1.57488 1.57489 
SCS-RPIM-3d2 1.57446 1.57480 1.57488 1.57492 1.57493 
SCS-RPIM-2d 1.57523 1.57511 1.57506 1.57504 1.57503 
SCS-RPIM-4d 1.57466 1.57476 1.57481 1.57484 1.57486 
FEM-T3 1.57228 1.57334 1.57380 1.57405 1.57414 
Singular FEM-T6 1.57462 1.57487 1.57491 1.57493 1.57494 
ST5-T3 1.574982 1.574957 1.574955 1.574955 1.574955 
 
Table 2.16 Plate with a 60° inclined crack under tension: normalized IK  with different meshes and 
different schemes (Reference solution is 1.0219 ) 
Mesh 37×37 61×61 85×85 109×109 121×121 
CS-RPIM 1.0128 1.0153 1.0176 1.0185 1.0189 
SCS-RPIM-3d 1.0176 1.0192 1.0204 1.0207 1.0207 
SCS-RPIM-3d2 1.0174 1.0212 1.0217 1.0218 1.0219 
SCS-RPIM-2d     1.0246 1.0235 1.0228 1.0225 1.0225 
SCS-RPIM-4d  1.0176 1.0194 1.0203 1.0207 1.0210 
FEM-T3 0.9982 1.0085 1.0128 1.0148 1.0156 
Singular FEM-T6 1.0119 1.0208 1.0217 1.0218 1.0218 
ST5-T3 1.0121 1.0192 1.0202 1.0209 1.0212 
 
Table 2.17 Plate with a 60° inclined crack under tension: normalized IIK with different meshes and 
different schemes (Reference solution is 1.0120) 
Mesh 37×37 61×61 85×85 109×109 121×121 
CS-RPIM 1.0010 1.0039 1.0059 1.0072 1.0077 
SCS-RPIM-3d 1.0088 1.0101 1.0105 1.0107 1.0109 
SCS-RPIM-3d2 1.0086 1.0109 1.0111 1.0113 1.0113 
SCS-RPIM-2d 1.0144 1.0134 1.0128 1.0126 1.0126 
SCS-RPIM-4d 1.0093 1.0100 1.0104 1.0106 1.0107 
FEM-T3 0.9938 1.0009 1.0040 1.0056 1.0064 
Singular FEM-T6 1.0026 1.0102 1.0118 1.0119 1.0119 
ST5-T3 1.0096 1.0112 1.0115 1.0117 1.0118 
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Table 2.18 The strain energy (×10-6 mJ) and error for plate with a 60° inclined crack under tension by 
SCS-RPIM-3d2 and singular FEM-T6 
Number of nodes SCS-RPIM-3d2 (error %) Singular FEM-T6 (error %) 
1369 1.57446 (0.0306) 1.5869076 (0.0204) 
3721 1.57480 (0.00902) 1.5873046(0.00457) 
7225 1.57488 (0.00394) 1.5873678(0.00203) 
11881 1.57492 (0.00140) 1.5873928(0.000762) 
14641 1.57493 (0.000763) 1.5874062(0.000127) 
2.5.4 Convergence rate and efficiency of SCS-RPIM  
To investigate convergence and efficiency of the present methods, the first 
example is employed with different mesh densities. The convergence rates of different 
methods adopted in this work are calculated and compared. To investigate 








  2.46 
where refU  denotes the strain energy of reference solution and numU  stands for the 
strain energy of numerical solution. The errors in strain energy norm against h  for 
four different models are plotted in Figures 2.25-2.28. h  is the average distance 
between two adjacent nodes. From these figures, it can be seen that SCS-RPIM-3d2 
has the highest convergence rate among the methods adopted in this paper in all these 
four models. SCS-RPIM-2d has an excellent accuracy in energy norm in most of these 
four models. In the third and fourth models, we use uneven meshes with more nodes 
near the crack tip shown in Figure 2.18. However, the dimension h  is obtained by the 
average distance of two adjacent nodes. So in these two models, we can have 
convergence rate even higher than 1. 
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The efficiency of different methods for the plate with edge crack under remote 
tension is plotted in Figure 2.29. From the figure, it can be seen that SCS-RPIM-2d 
has the highest efficiency. The CPU time for each method, which is the average value 
of ten times calculations on the same computer, is listed in Table 2.19. 
Table 2.19 CPU time (s) of different methods for plates with an edge crack problem with different 
meshes  
Mesh 21×41 31×61 41×81 51×101 61×121 71×141 81×161 
CS-RPIM 0.0974 0.3940 1.0601 2.3753 4.6388 8.5052 14.745 
SCS-RPIM-3d 0.1011 0.3989 1.0732 2.3986 4.7125 8.6708 14.670 
SCS-RPIM-3d2 0.0983 0.3979 1.2207 2.7211 5.2414 9.9841 16.436 
SCS-RPIM-2d 0.1010 0.3993 1.0725 2.4003 4.7683 8.8475 14.523 
SCS-RPIM-4d 0.0989 0.3942 1.0617 2.3864 4.6392 8.5717 14.596 
FEM-T3 0.0375 0.1410 0.3893 0.7985 1.5251 2.5990 4.3125 
Singular FEM-T6 0.0844  0.9540  4.0436  12.136 
ST5-T3 0.0388 0.1426 0.3836 0.8094 1.5455 2.6386 4.2879 
The condition number of the global stiffness matrix,
 
cond( )K , is an important 
indicator for the numerical property of a numerical method. It is defined as:  
1cond( ) K K K 2.47 
Here K  is the norm of K  and 1K  is the inversion of K . In our calculation, 2-
norm is adopted. It measures the sensitivity of the solution of a system of linear 
equations to errors in the data. When an iteration solver is used to solve the algebraic 
system equation, it affects directly the number of iterations needed to obtain a 
converged solution in the manner of cond( )itern K , which means that the larger 
the condition number of the global stiffness matrix, the more iterations needed to 
obtain the solution of the system of linear equations. In our calculation the condition 
number of different methods for the first example against node numbers is plotted in 
Figure 2.30 and listed in Table 2.20. As it can be seen, CS-RPIM has the smallest 
condition number among all the methods in this work with the same mesh. SCS-
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RPIM-3d, SCS-RPIM-2d and SCS-RPIM-4d perform better than singular FEM-T6 in 
condition number. 
 
Figure 2.25 Convergence rate of different methods for the plate with edge crack under remote tension 
 
 




















































Figure 2.28 Convergence rate of different methods for a 60° inclined crack in rectangular plate under 
tension 
 















































Figure 2.29 Efficiency of different methods for the plate with edge crack under remote tension 
 
 
Figure 2.30 Condition numbers of different methods for the plate with edge crack under remote tension 
2.6 Conclusion 
In this chapter, a cell-based smoothed radial point interpolation method (CS-
RPIM) is developed and applied to the fracture problems. A five-node element is used 
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to simulate the singular behavior of stress and strain in the vicinity of the crack tip. 
Several different schemes of SCS-RPIM are devised for strain smoothing operation 
over the five-node element. The present methods are used to solve some fracture 
problems and the results are compared with those of FEM-T3 and singular FEM-T6. 
The comparison has demonstrated the effectiveness of the proposed methods. Some 
conclusions can be drawn as follows:  
1. The number of the Gauss points affects the accuracy of the computing, in this 
work the number of the Gauss points is set to 4. Also, the domain independence 
of stress intensity factors (SIFs) is observed.  
2. CS-RPIM can have more accurate results than FEM-T3 with the same mesh. 
Among the different singular schemes, SCS-RPIM-2d generally provides very 
tight upper bound for strain energy and SIFs. Other schemes generally give much 
tighter lower bound solutions compared to the FEM-T3. 
3. Among all the methods adopted in this paper, SCS-RPIM-3d2 has the highest 
convergence rate, SCS-RPIM-2d has the highest efficiency, and CS-RPIM has 
the smallest condition number.
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Chapter 3 A singular ES-FEM for plastic fracture mechanics 
3.1 Introduction 
In Chapter 2, a singular CS-RPPIM has been developed for linear elastic fracture 
mechanics. However, linear elastic fracture mechanics is valid only for brittle fracture. 
A significant research work was carried out by Hutchinson, Rice [14,101] and 
Rosengren [15] in 1968 using both analytical and numerical methods to shed light on 
the strain and stress behavior around the crack tip, where intensive plastic 
deformation takes place. This analytical solution is well-known as HRR solution. In 
the HRR solution, the strain field around the crack tip possesses a / 1O(1/ )n nr   
singularity when r  approaches zero.  The HRR solution is only the first term of the 
asymptotic solution. The expansion of the asymptotic displacement solution is in the 









   issnni urArAu ( , )i x y   3.1 
Here, n  is the power hardening coefficient.   is the material property. ( , )r   is the 
polar coordinate system with the origin located at the crack tip. )(~ iu is non-
dimensionalized function of different orders, describing the displacement distribution 
in the   direction. A  is the associated amplitude. s  is the stress exponent. The first 
order stress exponent is given by 1 1/( 1)s n   .  2s    depends on the value of 
n  but does not have the fixed expression form. The first order of the asymptotic 
solution expansion is )(~1)1/(11  inni urAu  , which is the HRR displacement solution. 
For simplicity, in this chapter the first two orders of the asymptotic solution expansion 
are adopted. That is: 
 








2  isnninni urAAurAu     3.2 
With this type of displacement field, we can obtain a strain field combined by 
two types of O(1/ )r  singular functions as r  approaches zero. One is / 1O(1/ )n nr   
singular function and the other is 21 2 /( 1)O(1/ )n sr     singular function. 
Because of the existence of the combined singularity in the strain field, the 
accuracy of numerical methods for the plastic field in the vicinity of the crack tip 
depends on whether the singularity can be captured. It is generally quite difficult to 
have this kind of singular strain field in the standard FEM. During the past decades, 
the extended finite element method (XFEM) has been developed and applied to 
fracture mechanics by Belytschko and Moes [40,42]. Based on a Fourier analysis of 
the HRR field, XFEM has been extended to plastic fracture mechanics by Elguedj  
and Gravouil [48-49]. Liu [87-95] proposed the edge-based smoothed finite element 
method (ES-FEM) which uses smoothing domains constructed based on edges of 
elements. One of the most obvious advantages of ES-FEM is its super convergence 
property and high accuracy compared to FEM using the same mesh of three-node 
triangular elements shown by Chen [105]. Thanks to the high accuracy of ES-FEM, 
ES-FEM is adopted in this chapter to simulate the singular plastic behavior around the 
crack tip. Based on the weakened weak (W2) formulation proposed by Liu [77-78], 
the derivatives of the shape functions are not needed. This feature is particularly 
convenient for the creation of the desired crack tip fields: we create directly the 
displacement field we need without worrying about the compatibility issues with the 
surrounding cells. In this chapter, an element with a combined singular strain field is 
created to simulate the plastic field around the crack tip. Combined with this singular 
element, a singular ES-FEM is developed and applied to simulate the plasticity 
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around the crack tip to produce effectively the stress solution. Comparison between 
the results of this newly developed method and the reference solution will be made to 
test the accuracy of the new method. 
3.2 Edge-based smoothed finite element method 
3.2.1 A brief on edge-based smoothed finite element method 
 In the edge-based smoothed finite element method (ES-FEM), the domain is 
usually meshed with triangular elements as in the standard FEM. But the integration 
of the derivatives of the shape functions over the triangular elements is replaced by 
strain smoothing technique over smoothing domains associated with the edges. The 
strain smoothing operation is performed by integrating the shape functions multiplied 
by the component of the outward unit vector along the boundary of the smoothing 
domain and dividing the integration results by the area of the smoothing domain. The 
smoothing domain is constructed as follows: first discretize the problem domain   
into triangular elements, and then link each node to the centroid of the element to 
divide the whole element into three sub-domains shown in Figure 3.1. The smoothing 
domain corresponding to the interior edge, which is inside the problem domain, is 
formed by the sub-domains sharing the same interior edge. For the boundary edge, 
which is on the boundary of the problem domain, there is only one sub-domain 
attached to the edge, which will serve as the smoothing domain corresponding to the 
edge shown in Figure 3.1. So there are totally edgeN  smoothing domains in the whole 
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Figure 3.1 Smoothing domains of interior edge and boundary edge in the ES-FEM setting 
 
In the setting of ES-FEM, the smoothed strain in the smoothing domain is 
obtained as: 
ε Bu   3.3 
Here, T11 ][ nsns vuvu u is the displacement vector with all the 
displacement components of the nodes belonging to the smoothing domain. B  is the 
strain-displacement relationship matrix expressed as: 
( ) 0
0 ( )
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B   3.4 
where  
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s
ih k i hs
k
b x N n d h x y
A 
    3.5 
Here skA  is the area of the smoothing domain. By Gauss quadrature, ( )ih kb x  can be 
given by the following equation: 
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     where ( ,h x y )  3.6 
where segN  is the number of segments of the boundary s , iN  is the shape function 
of the thi  node of the element, gauN  is the number of Gauss points used on each 
segment, nw  is the weight of the corresponding Gauss point, ( )h nn x  is the outward 
unit normal of  each segment on the smoothing domain boundary and nx  is the thn
Gauss point on the thm  segment of the boundary s . 
The set of algebraic equations for ES-FEM can be obtained in the form of matrix: 
   Kd f   3.7 
Here d  is the displacement vector of all the nodes in the model, K is the global 
stiffness matrix and f is the nodal force.  







 K K   3.8 
Here the summation means an assembly process, ,
s
ij kK  is the stiffness matrix 
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  K B DB B DB   3.9 
3.2.2 Stress calculation for edge-based smoothed finite element method 
In the framework of ES-FEM, with the smoothing operation, the strain in each 
smoothing domain is assumed to be constant. Therefore in the computation, the strain 
of the smoothing domain can be obtained directly from the displacement by the strain-
displacement relationship matrix B . For elastic deformation, the stress can be 
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obtained by Hooke’s law. For plastic deformation, J2 flow rule is used to calculate the 
stress of the smoothing domain. In ES-FEM, we can calculate the stress of an element 
by an area average of the stress of the smoothing domains attached to the element 
shown in Figure 3.2. The stress obtained is considered as the stress of the element. 
Similarly, to calculate the stress of a node, we perform an area average over the stress 
of the smoothing domains associated with the node. In our calculation, around the 






Figure 3.2 Stress calculation for the node and element in the setting of ES-FEM 
3.3 Singular element 
In order to simulate displacement field expressed in equation 3.2, a seven-node 
singular triangular element is created, shown in Figure 3.3. In this element, two 
additional nodes are added to each of the two edges stretching from the crack tip in 
the common three-node triangular element. The influence of the locations of the 
added nodes on the results has been investigated in the work of Nourbakkhsh et al. 
[106]. It is shown that the position of the added node does not significantly affect the 
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results. Therefore the two nodes are placed at one-quarter edge length from the crack 
tip as in the quadratic FEM element and the middle point of the edge, respectively.  
 
Figure 3.3 Seven-node crack tip element 
3.3.1 Singular shape functions 
As mentioned above, the first term of the asymptotic solution in the strain field 
shows / 1O(1/ )n nr   singularity, which is the HRR solution. The second term of the 
asymptotic solution is shown to embody )/1( 2)1/(21 snr   singularity. In order to 
simulate the plasticity around the crack tip more accurately, it is important to have 
this combined singular strain field in the simulation. In FEM, triangular quadratic 
isoparametric elements, formed by collapsing one side and placing the mid-side node 
at the quarter point near the crack tip, are shown to embody the O(1/ )r  singular 
strain field of elastic fracture mechanics [38-39]. For elastic material, n  could be 
considered to be 1 . But for other values of n , it can’t simulate the singular HRR 
behavior of the strain in the vicinity of the crack tip. So it is important and necessary 
to have the combined singular strain field, which can provide both the first singular 
term and the second term of the strain field around the crack tip. 
Around the crack tip, a layer of seven-node singular elements provide the 
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combined singular strain field. Within this element, displacement field function ( )u x  
at any point of interest on the edges connected to the crack tip can be approximated 
using: 
   22 /( 1)1/( 1)( ) n snu a br cr dr     x   3.10 
Or in the form of matrix, equation 3.10 can be rewritten as: 
    22 /( 1)1/( 1)( ) 1 Tn snu r r r a b c d    x   3.11 
Here r is the radial distance originating from the crack tip. a , b , c  and d  are the 
interpolation coefficients corresponding to the given point ( x ). The coefficients a , b ,
c  and d  in equations 3.10 and 3.11 can be determined by enforcing equations 3.11 to 
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  3.12 
where 1 0r  , 2 / 4r l  , 3 / 2r l  and 4r l ( l  is the length of the element edge 
originating from the crack tip) are the radial distances between the four nodes and the 
crack tip on the edge. 1u , 2u , 3u  and 4u  are the displacements of the four nodes on the 
edge. Solving these four equations for a , b , c  and d , and substituting them into 
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where i  (i=1, 2, 3 and 4) are the shape functions for these four nodes on the edge 
respectively. The displacement on the edge opposite to the crack tip is assumed to 
vary linearly, which will ensure the compatible displacement field between the 
singular element and common element sharing the same edge.  
According to the formulation of the singular element, we can clearly see that the 
singular element we propose in this chapter has the following distinctive advantages: 
(1) With this type of singular element laid around the crack tip, we create a combined 
singular strain field, which contains both the HRR singular strain field and the 
second order singular field. 
(2) The smoothed technique is used to formulate a smoothed Galerkin weak form, 
which weakens the consistence requirement for the displacement field. 
Transitional elements of singular FEM or blending elements [107] of XFEM are 
not needed in our method.  
(3) As the strain matrix is obtained by the integration of shape functions along the  
boundary of the smoothing domain, there is no singular term in the integrand and 
hence the Gauss quadrature works well as usual.  
(4) Because the integration is performed along the boundary of the smoothing 
domain, isoparametric mapping is not needed, decreasing its sensibility to mesh 
distortion. 
Based on the above analysis, the proposed singular element is quite 
straightforward and there is generality in the numerical formulation. As a 
consequence, it can be easily implemented. 
3.3.2 Smoothing scheme for singular element 
As it can be seen from Figure 3.4, the sign of certain shape functions changes 
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along the edge stretching from the crack tip. For example, the sign of 1  changes from 
positive to negative and positive again when passing through number 2 and 3 nodes 
from the crack tip. If 1  is integrated along the whole edge and the average value of 
the shape function is obtained, the result is the sum of positive values and negative 
values, which is used to replace shape functions at all positions along the edge and 
loses accuracy. Therefore the singular element is divided into three smoothing 
domains. In each of these three smoothing domains, the sign of the shape functions 
remains unchanged. In the following, dividing the smoothing domain into three 
smoothing domains proves to be more effective. 
1
 
Figure 3.4 The distribution of shape function along the edge stretching from the crack tip 
Two isosceles rectangular singular elements sharing the same edge are used 
shown in Figure 3.5. The length of the edges stretching from the crack tip is set to be 
1. Let’s take smoothing domain 1-16-4-13-1 for an instance. Points 16 and 13 are the 
centroids of the two singular elements respectively. One method is to consider 1-16-4-
13-1 to be one smoothing domain. Then the smoothing operation is performed in the 
whole domain. That’s to say the shape functions will be integrated along the boundary 
of 1-16-4-13-1. Another method is to use three smoothing domains in the calculation 
of B . The three smoothing domains are 1-14-2-11-1, 14-15-3-12-11-2-14 and 15-16-
4-13-12-3-15. Here points 11, 14 are the one-quarter points (near the crack tip) and 
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points 12, 15 are the middle points of line 1-13 and 1-16 respectively. The 
corresponding term of 1
x

  in B  by these two methods will be compared with the 
exact values at different locations. The three different locations are (1/18, 1/24), (1/5, 
1/6) and (4/5,1/11)  in domains 1-14-2-11-1 , 14-15-3-12-11-2-14 and 15-16-4-13-12-
3-15, respectively. The results are shown in Table 3.1.  We can clearly see that B  of 
three smoothing domains can be closer to the exact values of these locations than that 
of one smoothing domain. 
Figure 3.5 Smoothing domains in the singular element 
 
Table 3.1 The corresponding term of the B  by different smoothing scheme in the singular element 
Location (1/18,1/24) (1/5,1/6) (4/5,1/11) 
One smoothing domain 0(1) 0(1) 0(1) 
Three smoothing domain 13.21(0.2615) 2.26(0.074) -3.28 (0.063) 
Exact value 17.89 2.44 -3.5 
 The numbers in brackets are errors defined as: numerical result-exact value
exact value
 
In our calculation, the singular element is split into three smoothing domains. 
Assuming the centroids of the two singular elements sharing the same edge AB are H 
and T shown in Figure 3.6, two additional points Q and J are created at the one-
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quarter points (near the crack tip) and I and R are the middle points on the edges 
connecting the crack tip to centroids T and H. These four points are created just to 
divide the smoothing cell. No additional degrees of freedom are created to the whole 
model. Then three smoothing cells AQDJA, QREIJDQ and RTBHIER are formed 
associated with edge AB. The displacement of the Gauss points on edge BH can be 
linearly interpolated by the displacements of M and N, which are the intersection 
points of the line MN with the edges AB and AC. Here MN goes through the Gauss 
point on edge BH and is parallel to edge BC. The displacements of M and N can be 
obtained by equation 3.13. In the same way, the displacements of the Gauss points on 
edges AH, AT, TB, BH, QD, RE, IE and JD can be obtained. After integration of the 
shape functions along the boundary of the smoothing cell, the strain-displacement 
relationship matrix B  is achieved by the integration results divided by the area of the 
smoothing cell. In the crack tip element, another type of smoothing cell CHBPC is 
formed based on the edge opposite to the crack tip. Here P is the centroid of the three-
node triangular element sharing the same edge BC with the singular element. The 
shape functions on edges BH and HC are constructed in the same manner as 
mentioned above. The displacements for Gauss points on edges BP and CP are 
calculated in the same way as triangular elements in the standard FEM. These 
smoothing cells in the seven-node elements are shown in Figure 3.7.  
 








Figure 3.7 Different types of smoothing domains formed by the layer of the singular elements around 
the crack tip 
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3.4 Material model 
3.4.1 Consistent elastoplastic tangent moduli 
The materials adopted in this work are isotropic power-hardening materials. The 
stress-strain relationship under uniaxial tension is shown in Figure 3.8. Below the 
yield stress 0 , the material is assumed to be linear elastic. When the stress surpasses 
the yield stress, the relationship between the resistance stress   and the plastic strain 










ij ij   , 0  is the yield stress in uniaxial tension and 0  is the yield strain, 
which can be obtained by 0 0 / E  . E  is the Young’s modulus. 
 A small strain incremental plasticity theory is employed in this work and the 
Von Mises yield condition and its associated flow rule are used for the plastic 
deformation. The yield condition can be expressed as follows: 
   3 3( , ) ( ) ( )
2 2
p p p
y ij ij yf s s        σ S S   3.15 
where S  is deviatoric stress tensor and ( )
p
y   is the resistance stress which is a 
function of the equivalent plastic strain 
p , given by equation 3.14 . 
The component of total strain rate tensor can be decomposed into elastic and 
plastic deformation: 
   e pij ij ij        3.16 
According to J2 flow theory, the plastic strain rate can be obtained by: 
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   is obtained according to the flow rule associated with Von Mises 
yield condition. 
The constitutive law for material experiencing elastic-plastic deformation can be 
expressed as: 
   eij ijkl klC     3.18 
where ijklC  is the fourth-order elasticity tensor component. 
From plastic consistency condition: 0 & 0f f  , for continued plastic yielding, 
















Substituting equations 3.14 and 3.18  into equation 3.19 and rearranging the equation 
yields: 
   ij ijkl kl
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       
   3.21 
From equation 3.14, we can derive:  
 




















Substituting equation 3.22 into equation 3.21, we can finally obtain the consistent 
elastoplastic tangent moduli for our material model. 
 
Figure 3.8 The uniaxial stress-strain relationship for the power hardening material adopted in this work 
3.4.2 Incremental plasticity scheme 
In this work, an iterative Newton-Raphson procedure [108,109] is employed to 
search for the nonlinear solution of the incremental equilibrium equations. In the 
notation of the incremental finite element equations that govern the response of the 
finite element system in static analysis are [110]: 
   t t t t  K u R F   3.23 
Here 
Tt dA K B CΒ  is the tangent stiffness matrix corresponding to the 
configuration of the system at time t . C  will be an elasticity tensor for elastic 
response and consistent elastoplastic tangent moduli for elastoplastic response 
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obtained by equation 3.21.   is the whole problem domain. u  is the incremental 
node displacements vector. t t R  is the vector of externally applied nodal point loads 
corresponding to time t t . ( )Tt
R
t dA F B σ  is the vector of nodal point forces 
corresponding to the internal element stress at time t . 
3.4.3 Stress computation by incremental plasticity 
As it can be seen, incremental plasticity solves the equilibrium equations in an 
incremental fashion. After the incremental displacement vector obtained by equation 
3.23, the Radial Return method is employed to have the stress solution. The details of 
the Radial Return method are listed below: 
(1) After solving the equilibrium equations for the displacement increments u , the 
corresponding strain increment ε  can be obtained as follows: 
    ε B u   3.24 








where iσ  is the stress state of the thi  iteration. Eσ  is an elastic estimate for the 
stress increment. C  is the elastic stress-strain matrix. 
(3) If trial( , ) 0
i p
f  σ , where i p  is the equivalent plastic strain for the thi  iteration, 
the material experiences elastic deformation for this iteration, trialσ  is the stress 
state for the ( 1)thi  iteration. Otherwise, the material experiences plastic 
deformation. J2 flow rule can be employed to determine the final stress as follows: 
 The equivalent plastic strain increment can be obtained as: 
 











     3.26 
where 
trail  is the Von mises equivalent stress of the trail stress state trialσ , i  is 






   
is derived from equation 3.14. 
 Update the equivalent plastic strain p i p p      and the equivalent yield stress 
( )
F i i p
H      . Due to the finite nature of the time step, there is a 
difference between 
F  and the exact resistance stress y corresponding to the 
newly updated 
p  by equation 3.14. So we have to use an iteration method to 
obtain the solution within a preset tolerance. Replacing 
trail  with F  , i  with 
y  and ( )iH   with ( )yH  ,and substituting them into equation 3.26 yields p . 
Until 
p  is smaller than the preset tolerance, the iteration will go on. Finally we 
obtain the resistance stress 
y  close to the exact value and accumulated 
incremental plastic strain 
p  within the preset tolerance. 
 Update the stress state. Obtain the flow direction through the trial stress trialσ  by 
















where trialijS is the deviatoric stress component of the trial stress 
trialσ . The stress 
state for the ( 1)thi   iteration is as follows: 
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   1 132 3
yi trial




ii  is the hydrogen pressure of the trial stress state. 





ij ijN      3.29 
 Update the plastic strain components 
   1i p i p pij ij ij        3.30 
Here 1i pij  is the plastic strain for the ( 1)thi   iteration, i pij is the plastic strain 
for the thi  iteration 
3.5 Numerical model 
3.5.1 First example 
3.5.1.1 Model 
A Mode I crack in a domain is simulated. For the reason of symmetry, only the 
upper half plane is considered in Figure 3.9. The polar coordinate system ( , )r   is 
established with the origin located at the crack tip. The model is set to be under plane 
strain condition. The boundary layer method is used to specify the boundary condition 
on the outermost boundary of the domain. The leading term of the elastic 
displacement solution of Mode I crack is as follows: 
  
3((2 1) cos cos )
2 2 2









   
  3.31 
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where IK  is the stress intensity factor, 3 4   , for plane strain.   is the Poisson’s 
ratio. Symmetry conditions are applied on the edge where 1 20, 0x x  . That is the 
displacement in the y  direction is fixed to zero.  Traction-free condition is imposed 
on the crack flank. 
 
Figure 3.9 The upper half of the model and the polar coordinate system and rectangular coordinate 
system 
The maximum plastic zone radius surrounding the crack tip is around 
2
00.15 ~ 0.20( )IK  . In our model, we control the amplitude of IK  to ensure the 
maximum radius of the plastic zone is smaller than 1/10  of the radius of the 
outermost contour to satisfy the small-scale yielding condition. The radius of the 
outermost contour is 34 m . There are totally 2736 three-node triangular elements 
with 1447 nodes in the model shown in Figure 3.10. In order to better capture the 
highly concentrated stress field surrounding the crack tip, a very fine mesh is used. To 
prescribe the boundary displacement field more accurately, the mesh on the boundary 
is also fine.  
In this work, we use material with the Young’s modulus 120000 MPaE  , the 
Poisson’s ratio 0.3   and the yield stress 0 198 MPa  (the yield strain
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0 0 / 0.00165E   ). The power hardening parameter is chosen to be 3n  , 5n   
and 9n   respectively. The stress intensity factor IK  used to implement the boundary 
condition is 800 MPa m , which can satisfy the small-scale yielding condition. For 
sufficient accuracy, the increase of the load amplitude is set to be 0.2% for each 
substep. 
 
Figure 3.10 The mesh of the whole model with linear triangular elements and the finer mesh around 
the crack tip 
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3.5.1.2 Convergence study 
To test the reliability of SES-FEM, a convergence study is carried out in this 
section with different mesh densities for this example. The results of different meshes 
are compared with the reference solution to check if the results of SES-FEM converge 
to the reference solution as we increase the density of the mesh. The reference 
solution contains the first three terms of the asymptotic solution. Here we adopt three 
different mesh densities.   at different locations on the 0  o  edge obtained by 
SES-FEM for different mesh densities and the errors between SES-FEM and the 
reference solution are tabulated in Table 3.2. From Table 3.2, it is observed that the 
more nodes adopted in the mesh, the closer the stress of SES-FEM is to the reference 
solution. This demonstrates that SES-FEM can converge to the correct result. 
Table 3.2   (MPa) obtained by SES-FEM for n=3 of different mesh densities and the reference 
solution at different locations on the 0  o  edge 
r 773 nodes 1460 nodes 3384 nodes Reference solution 
0.0006 2280(0.097) 2444(0.032) 2509(0.0063) 2525 
0.001 2214(0.0125) 2220(0.0098) 2226(0.0071) 2242 
0.0016 1979(0.0075) 1980(0.0070) 1983(0.0055) 1994 
0.0025 1761(0.0079) 1778(0.0017) 1773(0.0011) 1775 
0.004 1562 (0.012) 1573(0.0051) 1579(0.0013) 1581 




In order to examine the accuracy of our newly developed method, we apply 
different methods (FEM, ES-FEM and SES-FEM) to this problem using the same 
mesh for comparison. The normalized r  and   by the yield stress 0  along the 
0  o  for 3n  , 5n   and 9n   materials are plotted in Figures 3.11-3.13. It is 
found that the results of our newly developed method are in good agreement with 
reference solution. Here, the reference solution contains the first three terms of the 
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asymptotic solution. For the purpose of comparison among the SES-FEM, ES-FEM 
and FEM, 5 nodes along 0  o  edge are selected and the stress of these 5 nodes with 
error (defined as: 
SES-FEM result-Reference solution
Reference solution
) are calculated and tabulated 
in Tables 3.3-3.8 for these three materials. From the comparison, it is clearly seen that 
the results of SES-FEM are much closer to the reference solution. This demonstrates 
that the singular element adopted in this work is very feasible for the plastic field near 
the crack tip. 
 
Figure 3.11 The normalized stress of SES-FEM along the 0  o  edge and the reference solution for 
n=3 
 
Table 3.3 0/r   of five nodes for n=3 of different numerical methods and the reference solution of 
different locations along the 0  o  edge 
0/( / )r J   FEM(error) ES-FEM(error) SES-FEM(error) Reference solution 
0.0779 9.16(0.095) 9.3(0.081) 10.05(0.007) 10.12 
0.1007 8.64(0.089) 8.76(0.076) 9.25(0.024) 9.48 
0.1284 8.16(0.10) 8.25(0.093) 8.52(0.063) 9.1 
0.1621 7.58(0.11) 7.68(0.096) 7.89(0.072) 8.5 
0.2242 7.1(0.091) 7.2(0.078) 7.33(0.061) 7.81 
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Table 3.4 0/   of five nodes for n=3 of different numerical methods and the reference solution of 
different locations on the 0  o  edge 
0/( / )r J   FEM(error) ES-FEM(error) SES-FEM(error) Reference solution 
0.0441 12.95(0.058) 12.91(0.061) 13.66(0.006) 13.75 
0.0593 12.06(0.055) 12.03(0.057) 12.37(0.031) 12.76 
0.0780 11.36(0.061) 11.3(0.066) 11.55(0.045) 12.1 
0.1007 10.68(0.052) 10.61(0.057) 10.77(0.043) 11.26 
0.1284 10.06(0.046) 9.98(0.053) 10.15(0.037) 10.54 
 
 
Figure 3.12 The normalized stress of SES-FEM along the 0  o  edge and the reference solution for 
n=5 
 
Table 3.5 0/r   of five nodes for n=5 of different numerical methods and the reference solution of 
different locations on the 0  o  edge 
0/( / )r J   FEM(error) ES-FEM(error) SES-FEM(error) Reference solution 
0.078 5.39(0.063) 5.34(0.071) 5.74(0.002) 5.75 
0.1009 5.21(0.054) 5.2(0.056) 5.49(0.004) 5.51 
0.1284 4.99(0.055) 4.93(0.066) 5.09(0.036) 5.28 
0.1621 4.75(0.065) 4.71(0.073) 4.81(0.053) 5.08 
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Table 3.6 0/   of five nodes for n=5 of different numerical methods and the reference solution of 
different locations on the 0  o  edge 
0/( / )r J   FEM(error) ES-FEM(error) SES-FEM(error) Reference solution 
0.0315 8.34(0.051) 8.26(0.06) 8.63(0.018) 8.79 
0.0441 7.99(0.039) 7.76(0.067) 8.14(0.022) 8.32 
0.0593 7.63(0.034) 7.58(0.041) 7.81(0.011) 7.90 
0.078 7.3(0.033) 7.17(0.05) 7.31(0.032) 7.55 
0.1007 7.05(0.032) 6.95(0.045) 7.07(0.024) 7.23 
 
 
Figure 3.13 The normalized stress of SES-FEM along the 0  o  edge and the reference solution for 
n=9 
 
Table 3.7 0/r   of five nodes for n=9 of different numerical methods and the reference solution of 
different locations on the 0  o  edge 
0/( / )r J   FEM(error) ES-FEM(error) SES-FEM(error) Reference solution 
0.0315 3.39(0.148) 3.97(0.003) 3.92(0.015) 3.98 
0.0441 4.27(0.109) 3.56(0.075) 3.78(0.018) 3.85 
0.0592 4.37(0.175) 3.68(0.011) 3.69(0.008) 3.72 
0.0779 3.7(0.022) 3.4(0.061) 3.56(0.017) 3.62 
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Table 3.8 0/   of five nodes for n=9 of different numerical methods and the reference solution of 
different locations on the 0  o  edge 
0/( / )r J   FEM(error) ES-FEM(error) SES-FEM(error) Reference solution 
0.0441 5.12(0.069) 5.11(0.071) 5.46(0.007) 5.5 
0.0592 5.29(0.009) 5.20(0.026) 5.32(0.004) 5.34 
0.0779 4.95(0.044) 4.93(0.048) 5.13(0.009) 5.18 
0.1008 5.04(0.002) 4.93(0.024) 5.08(0.006) 5.05 
0.1285 4.76(0.033) 4.73(0.039) 4.93(0.002) 4.92 
The stress distribution in the   direction is also very important. The stress 
distribution in the   direction at 0/( / ) 0.0717r J    of SES-FEM is plotted in 
Figures 3.14-3.16. The displacement field along the   direction in the singular 
element is linear. Therefore the results of SES-FEM are just compared with the HRR 
solution. From the figures, it can be seen that 0/   and 0/r   are close to the 
HRR solution in the   direction. But 0/r   deviates a little from the HRR solution, 
which is also observed by other similar work [111]. The authors have explained that 
this is consistent with the fact that the two constant stress sectors are not detected by 
numerical methods. Some of the results of all the numerical methods adopted in the 
chapter and error are shown in Tables 3.9-3.17. From the comparisons, it can be seen 
0/r   of all the methods adopted in this work deviates a little from HRR solution. 
But 0/   and 0/r   of SES-FEM are closer to the HRR solution than the results 
of FEM and ES-FEM. This confirms that SES-FEM works not only for the stress 
distribution along the radius direction, but also for the stress distribution in the    
direction.  
 




Figure 3.14 The normalized stress distribution along   direction of SES-FEM and HRR solution for 
n=3 
 
Table 3.9 0/r   distribution along the   direction for n=3 of different numerical methods and the 
HRR solution  
(degree)  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
0 9.71(0.1) 9.89(0.084) 11.09(0.027) 10.80 
15 10.22(0.107) 10.41(0.091) 11.29(0.014) 11.45 
105 7.99(0.091) 7.66(0.046) 6.83(0.067) 7.32 
135 6.40(0.085) 5.95(0.008) 5.61(0.049) 5.90 
180 2.97(0.08) 3.07(0.05) 3.09(0.043) 3.23 
 
Table 3.10 0/   distribution along the   direction for n=3 of different numerical methods and the 
HRR solution  
(degree)  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
0 12.06(0.053) 12.03(0.055) 12.35(0.03) 12.73 
15 11.81(0.052) 11.80(0.053) 12.12(0.027) 12.46 
90 5.61(0.076) 5.59(0.079) 5.64(0.071) 6.07 
120 2.54(0.133) 2.7(0.078) 2.73(0.068) 2.93 
























Chapter 3                                                                                                                                      SES-FEM 
103 
 
Table 3.11 0/r   distribution along the   direction for n=3 of different numerical methods and the 
HRR solution  
)degree(  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
30 1.89(0.069) 1.89(0.069) 2.15(0.059) 2.03 
45 2.47(0.092) 2.52(0.074) 2.77(0.018) 2.72 
60 2.9(0.102) 2.96(0.084) 3.18(0.015) 3.23 
75 3.12(0.116) 3.22(0.088) 3.41(0.034) 3.53 
135 2.09(0.143) 2.23(0.086) 2.19(0.102) 2.44 
 
 
Figure 3.15 The normalized stress distribution along   direction of SES-FEM and HRR solution for 
n=5 
 
Table 3.12 or  /  distribution along the   direction for n=5 of different numerical methods and the 
HRR solution  
(degree)  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
15 5.90(0.065) 5.95(0.057) 6.71(0.063) 6.31 
30 6.24(0.086) 6.33(0.073) 6.32(0.075) 6.83 
105 4.56(0.166) 4.22(0.079) 3.64(0.069) 3.91 
120 4.09(0.21) 3.95(0.169) 3.54(0.047) 3.38 
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Table 3.13 0/   distribution along the   direction for n=5 of different numerical methods and the 
HRR solution  
(degree)  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
0 7.63(0.033) 7.58(0.039) 7.8(0.011) 7.89 
15 7.4(0.041) 7.37(0.045) 7.59(0.017) 7.72 
30 6.83(0.057) 6.87(0.051) 7.15(0.012) 7.24 
120 1.72(0.14) 1.98(0.01) 1.98(0.01) 2.00 
150 0.20(0.629) 0.11(0.796) 0.27(0.5) 0.54 
 
Table 3.14 0/r   distribution along the   direction for n=5 of different numerical methods and the 
HRR solution  
(degree)  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
45 1.45(0.076) 1.48(0.057) 1.59(0.013) 1.57 
75 1.73(0.117) 1.8(0.082) 1.89(0.036) 1.96 
90 1.72(0.149) 1.82(0.099) 1.90(0.059) 2.02 
120 1.46(0.202) 1.62(0.115) 1.67(0.087) 1.83 
150 0.99(0.108) 1.03(0.072) 0.997(0.101) 1.11 
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Table 3.15 0/r   distribution along the   direction for n=9 of different numerical methods and the 
HRR solution  
(degree)  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
30 4.02(0.067) 4.03(0.065) 4.06(0.058) 4.31 
75 3.99(0.174) 3.68(0.082) 3.20(0.059) 3.40 
105 2.92(0.232) 2.61(0.101) 2.13(0.101) 2.37 
135 2.68(0.523) 2.35(0.335) 2.18(0.239) 1.76 
165 1.29(0.306) 1.57(0.156) 1.53(0.177) 1.86 
 
Table 3.16 0/   distribution along the   direction for n=9 of different numerical methods and the 
HRR solution  
(degree)  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
15 5.09(0.019) 5.01(0.035) 5.19(0) 5.19 
30 4.62(0.047) 4.63(0.045) 4.93(0.016) 4.85 
45 4.34(0.0091) 4.14(0.055) 4.05(0.075) 4.38 
75 3.12(0.043) 3.15(0.034) 3.25(0.003) 3.26 
120 1.22(0.147) 1.54(0.077) 1.51(0.056) 1.43 
 
Table 3.17 0/r   distribution along the   direction for n=9 of different numerical methods and the 
HRR solution  
(degree)  FEM(error) ES-FEM(error) SES-FEM(error) HRR solution 
30 0.82(0.035) 0.8(0.059) 0.85(0) 0.85 
60 1.08(0.052) 1.07(0.0614) 1.1(0.035) 1.14 
90 1.06(0.145) 1.14(0.081) 1.18(0.048) 1.24 
120 0.93(0.212) 1.03(0.127) 1.08(0.085) 1.18 
165 0.52(0.238) 0.49(0.167) 0.44(0.048) 0.42 
3.5.1.4 Condition number 
The condition numbers of ES-FEM and SES-FEM at the beginning of the first 
substep for this example of three different values of n  are tabulated in Table 3.18. As 
it can be seen, SES-FEM has a larger condition number than ES-FEM. But the 
difference is not so big that the system of SES-FEM becomes ill-conditioned. This is 
due to the introduction of singularity into SES-FEM, which obviously increases the 
condition number. The condition number of SES-FEM is different for different values 
of n .  
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Table 3.18 Condition number of ES-FEM and SES-FEM for three different types of material at the 
beginning of the first substep 
 ES-FEM SES-FEM 
3n   4.6007e4 1.2278e5 
5n   4.6007e4 1.2957e5 
9n   4.6007e4 1.3945e5 
3.5.2 Second example 
A plate with an edge crack under tension with a power hardening material is used 
as second example shown in Figure 3.17. The polar coordinate system ( , )r   is 
established with the origin located at the crack tip. L  is the half length of the plate. 
W  is the width of the plate. a  is the crack length.   is the tension load applied on 
the top edge of the plate. In the calculation, the dimensions are: 25 cmL  , 
20 cmW   and 10 cma  . The load 30 MPa / cm   is applied. The yield stress, 
the Young’s modulus and the Poisson’s ratio are the same with the first example. The 
power hardening parameter 3n   is adopted. For the reason of symmetry, only the 
upper half of the model is meshed. Symmetry boundary conditions are applied on the 
edge where 0, 0x y  . That is the displacement in the y  direction is fixed to zero. 
Traction-free condition is imposed on the crack flank. Three-node triangular elements 
are used to mesh the model shown in Figure 3.18. There are totally 3496 nodes and 
6752 elements in the mesh. The plate is assumed to be under plane stress state. The 
normalized r and   by the yield stress 0  along the 0  o  edge is plotted in 
Figure 3.19. It is found that the results of our newly developed method have a good 
agreement with the reference solution. This shows again that our method can 
effectively capture the combined singularity around the crack tip for power hardening 
material. 
 




Figure 3.17 Plate with an edge crack under tension 
 
 
Figure 3.18 Mesh of the model with triangular elements 
 
 




Figure 3.19 The normalized stress of SES-FEM along the 0  o  edge for plate with an edge crack 
under tension and the reference solution for n=3 
3.6 Conclusion 
In this chapter, a seven-node singular element with the HRR singular strain field 
and the second order singular strain field is devised for the plastic field in the vicinity 
of the crack tip for power hardening materials. In the setting of the edge-based 
smoothed finite element method (ES-FEM), a layer of seven-node singular elements 
are used in the numerical model. A smoothing scheme different from the scheme used 
in common triangular element is used in the seven-node singular element. Through 
the numerical results some conclusions can be drawn as follows:  
1. The seven-node singular element devised in this chapter can conveniently 
produce a combined singular strain field, which is difficult in the standard finite 
element method.  
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2. This singular element is shown to have a lot of advantages over other methods. 
For example, no transitional elements are needed in the mesh. There is no 
singular term in the integrand. No mapping is needed in the integration. 
3. The stress of singular edge-based smoothed finite element method (SES-FEM) 
proposed in this chapter is found to be in good agreement with the reference 
solution for power hardening material. Compared with the results of the finite 
element method and edge-based smoothed finite element method, SES-FEM can 
provide results much closer to the reference solution. This indicates that this 
newly developed method is efficient and feasible for the plastic field around the 
crack tip.  
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Chapter 4 An edge-based smoothed XFEM for fracture in 
composite materials 
4.1 Introduction 
In Chapter 2 and Chapter 3 smoothing technique has been applied to elastic 
fracture mechanics and plastic fracture mechanics, respectively. Nowadays, 
composite materials are widely used in different engineering fields such as aerospace 
and automobile industries, power plants, etc. Since the ratio of strength to weight and 
stiffness of such materials in many cases are higher than those of conventional 
engineering materials, applications of composite materials have been widely 
expanded [47]. One of the most common failures in composite materials is fracture. 
Therefore, theoretical solutions for the displacement and stress fields around the crack 
tip in composite materials are important in composite materials. The pioneer work for 
the stress and displacement solutions around the crack tip in composite materials is 
done by Muskelishvili [16]. In this work, the author developed the idea of complex 
stress functions, which enable finding solutions for crack problems. Sih and other 
researchers [17-27] further extended the work. However, analytical solutions are only 
available for a few simple cases with regular geometry and simple loading. Therefore, 
numerical tools are necessary to solve practical problems.  
The extended finite element method (XFEM) has been proposed and applied to 
fracture problems [40-41]. The most obvious advantage of XFEM is that it can 
employ arbitrary functions to enrich the basic displacement field of FEM, which 
endows XFEM with the ability to simulate crack without matching mesh and crack 
geometry and hence crack propagation without remeshing. Smoothing technique has 
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proved to be effective and efficient [80,105]. In view of the advantages of smoothing 
technique, smoothing technique has been combined into XFEM [112]. An edge-based 
smoothed extended finite element method (ES-XFEM) [113] is developed to combine 
the advantages of the ES-FEM and the XFEM, which has high accuracy and can 
simulate crack propagation without remeshing. The edge-based smoothing technique 
can improve the accuracy of the method, and nodal enrichment can model crack 
propagation without remeshing. These two properties ensure that the ES-XFEM has 
great potential applications in fracture and crack propagation in composite materials. 
In this chapter, ES-XFEM is extended to composite materials. Crack tip enrichment 
functions are specially derived for displacement field around the crack tip in 
composite materials. 
4.2 Fracture mechanics for anisotropic material 
4.2.1 Background knowledge about anisotropic material 
The general form of an anisotropic stress-strain relationship can be defined as: 
Dεσ   or  Cσε     4.1 
where D and C are anisotropic material stiffness and compliance matrices, 
respectively. σ  and ε  are the vector forms of stress and strain. Equation 4.1 can also 
be written in a component form: 
i ij jd  or  i ij jc  ,  , 1, , 6i j     4.2 
Here i and j  are the stress and strain components. ijd  and ijc  are the material 
stiffness matrix and compliance matrix components respectively, which can be 
obtained in terms of material constants. For two-dimensional (2D) problems, ji,  can 
have values of 1,2,6. By introducing Airy's stress functions, the characteristic 
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equation of compliance matrix components for an anisotropic material in stable 
equilibrium under plane stress state can be given by Lekhnitskii [114]: 
4 3 2
11 16 12 66 26 222 (2 ) 2 0c c c c c c           4.3 
It has been proved by Lekhnitskii that the roots of characteristic equation 4.3 are 
always complex, or purely imaginary in the case of any ideal elastic body with real 
constants 11c , 66122 cc  , 22c  not equal to zero, and occur in conjugate pairs. Thus, the 
general form of the characteristic roots can be denoted as: 
1 2
3 1 4 2
= + ,           = +
= - ,    = -
i i
i i
     
           4.4 
where 1i   .  
The quantities of 1  and 2  are called the complex parameters which 
characterize the degree of anisotropy in case of plane problems. The complex 
parameters obtained from characteristic equation 4.3 can be grouped into four cases 
[114], shown in Table 4.1. Cases I-III correspond to orthotropic cases with the 
elasticity axes parallel to the coordinate axes, where the isotropic case with 1 2= =i   
is included in case II, and case IV corresponds to a general anisotropic case, shown in 
Figure 4.1. For cases I-III, the compliances of the orthotropic material under plane 
stress can be easily given in terms of engineering material constants: 
11 1 22 2 66 12
12 12 1 21 2 16 26
1/ , 1/ , 1/
/ / , 0
c E c E c G
c E E c c 
  
        4.5 
where ( 1, 2)jE j   is the Young's modulus in the jX  direction, 12G is the shear 
modulus in the 1 2( , )X X  plane, and ( , 1, 2)jk j k   is the Poisson's ratio which is 
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defined as the extensional strain in the kX  direction due to unit compressive strain in 




( 2 ) 0E E
G E
        4.6 








 , different types of roots 1  
and 2  can be calculated based on different relations between A and B as given in 
Table 4.1. 
  Table 4.1 Classification of anisotropic crack problems based on the complex parameters  *  
Method Coefficients of the compliance matrix The complex parameters 
Orthotropic I 
11 22 12 66
16 26
, , , 0
0,  
c c c c








i A A B i
i A A B i
 
 
   
   
 
Orthotropic II 
11 22 12 66
16 26
, , , 0
0,
c c c c













11 22 12 66
16 26
, , , 0
0,
c c c c











     
  
 
Anisotropic 11 22 12 66
16 26
, , , 0
0 and/or 0
c c c c
c c














      




* 1 12 12/ 2A E G   and 1 2/B E E  
For anisotropic material (case IV), the coordinate system and the elasticity axis 
do not coincide with each other. Therefore, the characteristic equation 4.3 will be a 
fourth order equation. To avoid dealing with this complicated equation, it has been 
shown by Lekhnitskii [114] that a simple transformation formula shown below can be 
followed to obtain the complex parameters in coordinate system ' 'x oy  from those in 
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xoy  shown in Figure 4.2, and the complex parameters 1  and 2  in xoy  can be 




cos sin cos sin,
cos sin cos sin
           























Figure 4.2 The complex parameters in two coordinate systems 
The general 2D anisotropic displacement and stress fields in the vicinity of the 
crack tip have been derived by Sih [17] by means of analytical functions and the 
complex parameters ( 1  and 2 ). The displacement components are: 
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1 2 2 2 1 1 2 2 1 1
1 2 1 2
2 Re ( ) ( )I IIx
r K Ku p z p z p z p z     
       
  4.8 
1 2 2 2 1 1 2 2 1 1
1 2 1 2
2 Re ( ) ( )I IIy
r K Ku q z q z q z q z     
       
 
4.9 
and the stress components are: 
2 2
1 2 2 1 2 1
1 2 1 22 1 2 1





r z z z z
          
        
  4.10 
1 2
1 2 1 22 1 2 1





r z z z z
      
        
 
4.11 
1 2 1 2
1 2 1 21 2 2 1





r z z z z
        
        
 
4.12 
where IK  and IIK  are the stress intensity factors (SIFs),  ,r   are the local polar 










p c c c







,  1, 2k    4.13 
4.2.2 Domain interaction integral method for anisotropic materials 
The domain integral method proposed by Kim and Paulino [115-116] is adopted 
for evaluating the SIFs in anisotropic media. However, for anisotropic materials the 
domain integral method is a little bit different from isotropic materials, which is 
described in Section 2.3.  
The standard path independent J  integral for the cracked body can be 
transformed into the domain integral by exploiting the divergence theorem : 
1
1
( )js j ij
jA
u qJ W dA
x x
          4.14 
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where sW  is the strain energy density for linear elastic material, 1 j  is Kronecker delta, 
A  is an area surrounding the crack tip, the shape of which is assumed as a circular or 
rectangular area with center located at the crack tip, ij  is the stress field, ju  is the 
displacement  and q  is an smoothly varying function.  
The method of interaction integral, based on the definition of an auxiliary state, 
is used to extract SIFs. Suppose there are two equilibrium states; state 1 corresponds 
to the actual state and state 2 corresponds to an auxiliary state for the given problem 
geometry. Auxiliary stress and strain should be chosen so as to satisfy both the 
equilibrium equation and the traction free boundary condition on the crack surface in 
the area A . One of the choices is the displacement and stress fields in the vicinity of 
the crack tip provided in equations 4.8-4.12 by Sih [117] and Asadpoure et al. [47]. 
By combining the actual and auxiliary states to obtain the J  integral, one can 
write: 
act auxJ J J M     4.15 
where J  corresponds to the superposition state, and actJ  and auxJ  are the actual and 









u u qM W dA
x x x
              4.16 
where M aux aux0.5( )ij ij ij ijW       for linear elastic conditions. q  is a weight function, 
which is defined in Chapter 2. Superscript aux stands for the auxiliary state. 
After some manipulations: 
aux aux aux aux
11 12 222 ( ) 2I I I II I II II IIM t K K t K K K K t K K      4.17 
where 
 














1Im( ) Im( )
2 2
c ct s s
s s
     4.19 
22
22 1 2Im( )2
ct s s    4.20 
The stress intensity factor can then be obtained by considering the two states and 
solving a system of linear algebraic equations. These two states are state 1: 
aux aux1; 0I IIK K   and state 2: aux aux0; 1I IIK K  . By calculating M from both 
equations 4.16 and 4.17 and solving a system of linear algebraic equations listed 









M t K t K
M t K t K
 
    4.21 
4.3 Formulation of edge-based smoothed extended finite element method 
4.3.1 Edge-based smoothed extended finite element method (ES-XFEM) 
4.3.1.1 The formulation of the ES-XFEM 
Based on the basis enrichment method noted by Fleming et al. [41], and partition 
of unity method cited by Melenk and Babuškas [118], the displacement in XFEM is 
obtained by the standard FEM displacement enriched with a jump function and a set 
of crack tip enrichment functions that are chosen based on the displacement behavior 
around the crack tip even without knowing the behavior in closed form. Nodal 
subtraction is now commonly used in XFEM, and will be used throughout this chapter: 
 






( ) ( ) ( )( ( ) ( ))
           ( ) ( ( ) ( ))
es fem es c
es e
















x x x x x
x x x
  4.22 
Here ( )iN x  ( )jN x and ( )kN x  are the shape functions associated with different types 
of nodes and iu  is nodal displacement in standard FEM. ja  is the enriched degree of 
freedom associated with node set N es c . kb
  is the th  (of the totally four) enriched 
degree of freedom associated with node set N es e . N es c  and N es e  are the node sets 
that are enriched by ( )H x  and ( )x  respectively, shown in Figure 4.3. ( ) x  is th
base of the crack tip enrichment functions. N es fem  is the node set of the whole finite 
element model. ( )H x  is the discontinuous enrichment function for crack surfaces. jx
and kx  are the coordinates of  the thj and thk node in the element respectively. 
Employing the strain smoothing operation, the smoothed strain over sk  from the 




( ) ( ) ( )
es fem es c es e
u a b
i j kk k i k j k k
i j k
u a b
     
     ε B x B x B x   4.23 
where -Nes fem  is the set of nodes associated with the smoothing domain sk . ( )ui kB x  is 
the smoothed strain gradient matrix for the standard ES-FEM part, and ( )
a
j kB x ,
( )
b
k kB x  correspond to the enriched parts of the smoothed strain gradient matrix 
associated with the Heaviside and crack tip enrichment functions, respectively. Those 
matrices can be written as follows: 
 




( ) 0 ( )














, ,r u a b   4.24 
where ( ),  ,
r
ih kb h x yx  can be computed by: 
1( ) ( ) ( )
1( ) ( ) ( )( ( ) ( ))








ih k h is
k
a
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b n N d
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b n N H H d
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Figure 4.3 Classification of smoothing domains in ES-XFEM 
Using Gauss integration along the segments of boundary sk , ( )rih kb x  can be 
obtained for each smoothing domain. 
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In the smoothed Galerkin weak form, the assumed displacement u  and the 
smoothed strain ε  should satisfy: 
( ( )) ( ) ( ) ( ) 0
t
T T Td d d   
  
      ε u Dε u u b u t   4.26 
Substituting the displacement approximation and the smoothed strain from equations 
4.22 and 4.23 into the smoothed Galerkin weak form yields: 
Kd f   4.27 
where f  is the nodal force vector that can be classified into three categories: uf , af  
and bf . These three vectors can be obtained as follows: 
( ) ( )
( )( ( ) ( )) ( )( ( ) ( ))







i i i i
b
i i i i
N d N d
N H H d N H H d







   
     




f x b x t
f x x x b x x x t
f x x x b x x x t
  4.28 
where   is the whole problem domain, and t  is the boundary where surface 
tractions are prescribed. The stiffness matrix K  is yielded by: 
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Here sN  is the number of smoothing domains and 
s
k  is the smoothing domain. All 
entries in matrix iB  in the above equation are constant in each smoothing domain. 
Thus the stiffness matrix can be rewritten as: 
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4.3.1.2 Crack tip enrichment functions for anisotropic fracture mechanics 
The crack tip enrichment functions ( )x  are used to present not only the 
discontinuity behind the crack tip but also the high-order and singular fields near the 
crack tip. ( )x  consist of asymptotic crack tip displacement field and should span 
the whole displacement near the crack tip for general anisotropic problem, including 
isotropy. For 2D rectilinearly anisotropic elasticity, Sih et al. [17,117] have derived 
the displacement field around the crack tip with two complex 1  and 2  that depend 
on the material properties. 
The crack tip enrichment functions ( )x  contain four bases of the general 2D 
crack tip displacement field as the following formulation (Sun [119]): 
  1/2 1/2 1/21 1 21 1 2
1/2 T2
2
, ( 1 4) [ ( )sin ( )cos ( )sin ( )sin
2 2 2
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where superscript T denotes transposition.  ,r   is the polar coordinate system, with 
the origin located at the crack tip, and 
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where 1, 2k   and ( )sign   is a sign function of  . 
In the special case of an isotropic medium where 1 2 i   (i.e. 
1 2 1 20 and 1       ), with ( ) 1kf    and ( )k   , equation 4.31 is 
simplified to the formulation noted by Belytschko and Black [40]. On the other hand, 
for an orthotropic medium, if 1 2  , equation 4.31 is simplified to the formulation 
similar to that given by Asadpoure and Mohammadi [47]. Accordingly, equation 4.31 
is a general form of crack tip enrichment functions available for both isotropic and 
anisotropic problems. 
The enrichment functions  ,r   can be computed explicitly with the given 
sample points and coordinate transformation. The transformation between the global 
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where   is the angle between the local crack tip coordinate system and the global 
coordinate system, and  tiptip yx ,  are the coordinates of the crack tip in the global 
coordinate system, ' '( , )x y  are coordinates of the sample points in the local crack tip 
coordinate system, ( , )x y  are coordinates of the sample points in the global coordinate 
system. 
Derivatives of  ,r   with respect to global coordinates ( , )x y  are obtained 
using: 
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where ' '( , )x y  and ( , )r   are the local Cartesian and polar coordinate systems with the 
origin located at the crack tip, respectively. 
4.3.2 Numerical integration for ES-XFEM 
Due to different types of nodes, the smoothing domains in ES-XFEM can be 
categorized into five types as shown in Figure 4.3. 
 Standard smoothing domain, in which none of the associated nodes are 
enriched. 
 Split smoothing domain is completely cut by a crack surface, and some of 
their associated nodes are enriched with the Heaviside function. 
 Tip-blending smoothing domain, in which one or more (not all) of their 
associated nodes are enriched with crack tip enrichment functions. 
 Split-blending smoothing domain, in which some of their nodes are enriched 
with the Heaviside function, and others are not enriched at all. 
 Tip smoothing domain containing a crack tip, in which the displacement is 
enriched with crack tip enrichment functions. 
In the standard smoothing domain of ES-FEM, only the shape functions of Gauss 
points along the boundary of the smoothing domain are needed in the calculation of 
the smoothed strain gradient matrix B . Meanwhile, three-node triangular elements 
are employed in the mesh of ES-FEM, in which the shape functions vary linearly 
along the boundary. Therefore, only one Gauss point is needed on each boundary 
segment. The same procedure in the standard smoothing domain of ES-XFEM can be 
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followed. However, due to the existence of discontinuous function ( )H x  and crack 
tip enrichment functions, ( )x , which obviously behave non-linearly along the 
smoothing domain boundary, common integration scheme in the ES-FEM is not 
feasible in the other four types of smoothing domains. Special attention has to be paid  
to the integration procedure along the boundaries of these four types of smoothing 
domains: 
(i). Split smoothing domain: Caused by the sudden jump in the displacement field 
across the crack surface, direct integration along the smoothing domain boundary is 
not applicable in the split smoothing domain. To circumvent this discontinuity in the 
displacement field, each split smoothing domain is divided into two sub-domains by 
the crack surface shown in Figure 4.4. In each of these two sub-domains the 
displacement field is continuous, which ensures the integration procedure goes 
smoothly.  
In the XFEM, the sub-domains usually are polygons, which entails partition of 
the sub-domains into triangles to make the Gauss quadrature work well. However, in 
ES-XFEM the area integration is transformed into path integration, which can be 
performed along the boundary of arbitrary shape in theory. Consequently, partition of 
polygonal sub-domains into triangles is not needed. Furthermore, isoparametric 
mapping is eliminated simultaneously, which makes the numerical integration much 
easier. 
(ii). Tip-blending smoothing domain: crack tip functions enriched nodes exist in this 
type of smoothing domain. Due to the complexity of the crack tip functions, simple 
integration along the boundary of the smoothing domain can not accurately capture 
the singular displacement field in the vicinity of the crack tip. In order to ensure the 
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accuracy of ES-XFEM, partition of integration domain is performed in the smoothing 
domain. Firstly, the smoothing domain is divided into two triangles naturally by the 
edge (shown in Figure 4.5), based on which the smoothing domain is formed. 
Secondly, for each of these two triangles further partition is performed to form small 
sub-domains according to the rules depicted in Figure 4.6. According to our 
calculation, when each of the triangles is divided into 8 small sub-domains and five 
Gauss points are used on each of the boundary segment of the small sub-domain, ES-
XFEM can provide the most accurate results.    
 
Figure 4.4 Partition of split smoothing domain
 
 










Figure 4.6 Division of a sub-smoothing domain into sub-smoothing cells: the numbers of sub-
smoothing cells are: (a) 1;(b) 2; (c) 3; (d)4; (e)6; (f)8; 
(iii).  Split-blending smoothing domain: In this kind of smoothing domain, crack tip 
functions or discontinuity in the displacement field does not exist. Therefore, the 
smoothing scheme is in the same way as what is done in ES-FEM. Only one Gauss 
point is needed on each of the boundary segment. 
(iv). Tip smoothing domain: Both discontinuity in the displacement field and crack 
tip functions enriched nodes occur in the smoothing domain. Therefore, similar to the 
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split smoothing domains, the tip smoothing domain is firstly divided into two sub-
domains by extending the crack surface (shown in Figure 4.7) to overcome the 
discontinuity in displacement field. Further partition is then performed in the two sub-
domains based on the crack tip to divide the sub-domain into small triangles. The 
final step of partition can be performed by following the rule depicted in Figure 4.6, 
which will produce eight small sub-domains in each of the triangles. Also, five Gauss 
points are used along the boundary segment of the small sub-domains.  
 
Figure 4.7 Partition of tip smoothing domain 
In the process of integration along the boundary of the smoothing domain, a 
problem may occur when one of the boundary segments aligns with the crack surface. 
This kind of smoothing domains can be classified into two types: 1. the smoothing 
domain is above the crack surface; 2. the smoothing domain is below the crack 
surface. According to the definition, ( )H x  assumes 1, 1,  and 0   when Gauss point 
is above, below and on the crack surface, respectively. This creates a discontinuity in 
the integrand containing ( )H x  in the smoothing domain .  
As shown in Figure 4.8, the actual value of 1( )f x  is 2y , which leads to 
discontinuity in ( )f x . As it can be seen that the discontinuity can be avoided if  the 
value of 1( )f x  is 1y . According to the one-dimensional integration theory, the 
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integration result of ( )f x  will not be changed if the value of ( )f x  at one point is 
changed to ensure the integration function continuous over the whole range. Similarly, 
this concept can be extended to two-dimensional integration. For the first smoothing 
domain mentioned above, in which ( )H x  assumes 1  inside the whole smoothing 
domain and on the boundary except part of the boundary aligning with the crack 
surface, on which ( )H x  assumes 0 . But when integration is performed along the 
crack surface, ( )H x  can be changed to 1  on the crack surface to make the 
integration function continuous over the whole smoothing domain. Similarly, ( )H x  
can be changed to 1  on part of the boundary for the second type mentioned in the 









( )y f x
 
Figure 4.8 Discontinuity in one-dimension integration 
According to the above description of ES-XFEM formulation, some advantages 
of ES-XFEM can be found.  
1. The advantages of ES-FEM and XFEM are combined in the ES-XFEM, 
which is expected to show high accuracy and simulate the crack propagation 
without remeshing.  
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2. Thanks to the transformation of area integration into path integration, the 
derivatives of crack tip enrichment functions do not appear in the integration 
function. Therefore, integration of singular term will not be a problem in ES-
XFEM. 
3. Isoparametric mapping, which will increase the complexity of the 
calculation, is not needed in ES-XFEM. 
4.4 Numerical examples 
Two examples are presented in this work to test our method. One is a rectangular 
plate with a central crack under tension. Four cases of material properties are used in 
this example to demonstrate the proposed ES-XFEM is applicable to different 
material properties. Strain energy and SIFs are obtained for this example and 
compared with those of XFEM. The other example is delamination between two 
layers of orthotropic material. The result of ES-XFEM is compared with the reference 
solution. 
4.4.1 Rectangular plate with a central crack under tension 
A central crack in a plate loaded by tension is first analyzed as shown in Figure 
4.9. In the computation, only half of the model is simulated (Figure 4.10) with 
appropriate boundary condition. The dimension of plate in the half model is 
1 mm 2 mm  with the crack length 0.3 mma  . The load 1 MPa   is applied on 
the top edge of the plate. The displacement along the y-axis are fixed at the bottom 
edge and  is xu  fixed along the left edge due to symmetry. 
Four kinds of materials with different degrees of anisotropy, are considered in 
this example. The plate is assumed to be under plane stress conditions. The four 
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material properties are: (1) case I, 1 2 1230 GPa, 300 GPa, 0.3E E     and 
12G 20 GPa ; (2) case II, 1 2 1230 GPa, 300 GPa, 0.3E E     and 12G 24.34165
GPa ; (3) case III, 1 2 1221.37 GPa, 66.88 GPa, 0.2E E     and 12G 9.66 GPa ; 
For these three cases, the material orientation axis is consistent with the Global 
coordinate system. (4) case IV, the general anisotropic material property is obtained 
by rotating the material axis of 1 2 12144.8 GPa, 11.7 GPa, 0.21E E    and 
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Table 4.2 Four material properties used in the first example 
Material properties Orthotropic material (10-3 GPa-1) Anisotropic material 
(10-3 GPa-1) Case I Case II Case III 
11c  33.33 33.33 46.79 28.093 
22c  3.33 3.33 14.95 67.375 
66c  50 41.08 55.77 97.337 
12c  -10 -10 -9.36 -2.9958 
16c  0.0 0.0 0.0 -35.804 
26c  0.0 0.0 0.0 -32.235 
1  0.8776i 0.5632i 0.2910+0.6933i 0.0418+0.975i 
2  0.3603i 0.5632i -0.2910+0.6933i -1.3163+0.887i 
 
 
Figure 4.10 Mesh of the plate with a central crack under tension 
4.4.1.1 Result 
Four types of meshes ( 22 44 , 32 64 , 42 84 , 52 104 ) are used in the model. 
A sample mesh is shown in Figure 4.10. For comparison, four models are also 
computed using XFEM. The reference solutions of strain energy and stress intensity 
factor for the above four cases are obtained using singular FEM with very fine mesh 
(129,911 nodes) in this study. The strain energy is defined as: 
 








  ε Dε   4.43 
The results of the strain energy (normalized by reference solution) produced by 
ES-XFEM and XFEM for these four cases are plotted in Figure 4.11. From the figure, 
it can be seen that the ES-XFEM can give results closer to the reference solution than 
XFEM with the same mesh. This confirms that combing edge-based smoothing 
technique into the XFEM can improve the accuracy. 
The stress intensity factor normalized by the reference solution for the four cases 
obtained by ES-XFEM and XFEM are listed in Table 4.3. From the comparison, it is 
obvious that the ES-XFEM can produce more accurate results than XFEM using the 
same number of nodes. These results show that the smoothing technique adopted in 
this work improves the calculation of SIFs for fracture in composite materials.  
 
Figure 4.11 Plate with a central crack under tension: the variation of normalized strain energy given by 





























XFEM for case I
ES-XFEM for case II
Reference solution
XFEM for case II
ES-XFEM for case II
XFEM for case III
ES-XFEM for case III
XFEM for case IV
ES-XFEM for case IV
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Table 4.3 Normalized K for the plate with a central crack under tension for four different materials 
with different mesh densities 
Mesh 22×44 32×64 42×84 52×104 
Case I XFEM 0.8874 0.9241 0.9439 0.9563 
ES-XFEM 0.9077 0.9443 0.9661 0.9765 
Case II XFEM 0.8893 0.9257 0.9454 0.9578 
ES-XFEM 0.9011 0.9418 0.9632 0.9753 
Case III XFEM 0.9679 0.9783 0.9836 0.9868 
ES-XFEM 0.8874 0.9241 0.9439 0.9563 
Case IV 
XFEM I
K 0.9143 0.9200 0.9230 0.9250 
IIK  0.8675 0.9067 0.9249 0.9403 
ES-XFEM IK  0.9349 0.9372 0.9385 0.9395 
IIK  0.8828 0.9315 0.9643 0.9793 
4.4.1.2 Convergence rate and efficiency of ES-XFEM 
From the above results of strain energy and SIFs, it can be seen that the ES-
XFEM can give us more accurate results than XFEM. However, in the evaluation of 
numerical methods, accuracy is not the only criterion. The CPU time of different 
numerical methods for the same mesh should also be included. The numerical 
methods producing more accurate results within the same time are preferred by users. 
Therefore, the convergence rate and efficiency of the ES-XFEM are investigated and 
compared with those of XFEM. 
To investigate convergence rate and efficiency of the present method, the first 
example is employed with different mesh densities. The convergence rates of different 
methods adopted in this work are calculated and compared. The error indicator 







   4.44 
where refU  denotes the strain energy of reference solution and numU  stands for the 
strain energy of numerical solution. The errors in strain energy norm against h  for 
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four different cases are plotted in Figures 4.12-4.15, where h  is the average distance 
between two adjacent nodes. From these figures, it can be seen that ES-XFEM has 
higher convergence rate than XFEM in all these four models, which means that ES-
XFEM can provide strain energy with smaller error for the same mesh density than 
XFEM. 
The condition number of the global stiffness matrix, cond( )K , is an important 
indicator for numerical property of a numerical method. The condition numbers of 
ES-XFEM and XFEM for the first example with four different material properties 
against node numbers are listed in Table 4.4. As it can be seen, ES-XFEM has bigger 
condition number than XFEM with the same mesh. But the condition number of ES-
XFEM is not so big that the system becomes ill-conditioned. 
 
Figure 4.12 Convergence rate of XFEM and ES-XFEM for the plate with a central crack under tension 
(case I material)  
  





















Figure 4.13 Convergence rate of XFEM and ES-XFEM for the plate with a central crack under tension 
(case II material) 
 
 
Figure 4.14 Convergence rate of XFEM and ES-XFEM for the plate with a central crack under tension 
(case III material) 
 





































Figure 4.15 Convergence rate of XFEM and ES-XFEM for the plate with a central crack under tension 
(case IV material) 
 
 
Figure 4.16 Comparison of computational efficiency of ES-XFEM and XFEM in terms of energy norm 
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Table 4.4 Condition numbers of ES-XFEM and XFEM for different mesh densities in the first example 
with four different material properties 
Mesh 22×44 32×64 42×84 52×104 
Case I XFEM 3.19e6 7.19e6 1.29e7 2.04e7 
ES-XFEM 1.43e7 2.87e7 4.68e7 7.03e7 
Case II XFEM 1.08e6 2.43e6 4.36e6 6.90e6 
ES-XFEM 3.44e6 7.62e6 4.62e7 7.43e7 
Case III XFEM 2.93e5 6.34e5 1.11e6 1.73e6 
ES-XFEM 1.85e6 3.57e6 5.77e6 8.42e6 
Case IV XFEM 4.38e5 9.06e5 1.54e6 2.34e6 
ES-XFEM 8.84e5 1.75e6 2.88e6 4.25e6 
The CPU time of ES-XFEM and XFEM for the first example with different 
meshes are listed in Table 4.5. From the table, we can see it takes ES-XFEM more 
time to solve the equation than XFEM for the same mesh. In Figure 4.16, accuracy 
against CPU time of both ES-XFEM and XFEM are compared, where case I material 
property is used. From the figure, it is clear that ES-XFEM can produce results with 
smaller error within the same CPU time. This means that ES-XFEM have better 
efficiency than XFEM. 
Table 4.5 CPU time of ES-XFEM and XFEM for different mesh densities in the first example with four 
different material properties (the CPU time is the average value of ten times calculation on the same PC) 
Mesh 22×44 32×64 42×84 52×104 
Case I XFEM 0.1033 0.3372 0.8619 1.7414 
ES-XFEM 0.1896 0.7161 1.8868 3.9413 
Case II XFEM 0.0982 0.3266 0.8655 1.8054 
ES-XFEM 0.2052 0.7808 1.9935 4.2338 
Case III XFEM 0.0939 0.3316 0.8534 1.7684 
ES-XFEM 0.1998 0.7026 1.8709 3.8995 
Case IV XFEM 0.0945 0.3389 0.8628 1.7645 
ES-XFEM 0.1829 0.7012 1.8658 3.9310 
4.4.1.3 The influence of radius for the selection of crack tip functions enriched 
nodes  
Crack tip enrichment functions are used to characterize the displacement field 
around the crack tip, which plays an important role in XFEM. Therefore, nodes 
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selected to be enriched with the crack tip functions can affect the results of XFEM. In 
this section, the influence of radius for the selection of crack tip functions enriched 
nodes will be investigated for both XFEM and ES-XFEM.  
In this section the above example with case I material will be used with different 
radii to select nodes for crack tip functions enrichment. Three radii 0.1r  ， 0.4r  ，
0.6r   are used to select crack tip functions enriched nodes. Firstly, the condition 
number of different enrichment radii is investigated. The condition number versus 
mesh density is plotted in Figure 4.17. From the figure, it is obvious that as the 
enrichment radius increases, the condition number increases as well for both XFEM 
and ES-XFEM. Such an increase is well lower than the ill-conditioning limits.  
Also, the convergence rate of both XFEM and ES-XFEM has been investigated 
for this problem with three enrichment radii. The errors in strain energy norm versus 
h  ( h  is the average distance between two adjacent nodes) are plotted in Figure 4.18. 
From the figure, it can be seen that as the enrichment radius increases, the strain 
energy norm is decreased, which means that the bigger the enrichment radius, the 
more accurate results will be provided by both XFEM and ES-XFEM.  It can also be 
found that the convergence rate will be higher for bigger enrichment radius as well. 
This implies that more crack tip functions enriched nodes can increase the 
convergence rate of both XFEM and ES-XFEM, which is attributed to that more 
nodes selected for crack tip functions enrichment can capture more precisely the 
characteristic of displacement field around the crack tip.  
The error in strain energy norm versus CPU time t  is presented in Figure 4.19. 
The average slop of each line has been computed for 0.1r   the slop 0.25k   ;
0.4r   the slop 0.25k   ; 0.6r   the slop 0.29k    for XFEM. For ES-XFEM the 
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average slop of the line is around 5% higher than that of XFEM which is also 
observed in Figure 4.16. The average slop k  of the line stands for the efficiency of 
the method. The higher value of k  means higher efficiency of the method. From the 
result, the convergence rate of bigger enrichment radius will not be obviously higher 
than that of smaller enrichment radius. This is caused by the higher condition number 
of the stiffness matrix for bigger enrichment radius, which cost more time to solve the 
stiffness matrix.  In this chapter, geometric enrichment is adopted in our calculation. 
 
Figure 4.17 Condition number of stiffness matrix with different enrichment radius for the first example 
with case I material 
 








































Figure 4.18 Accuracy versus average node distance for XFEM and ES-XFEM with different 
enrichment radii for the first example with case I material 
 
 
Figure 4.19 Accuracy versus CPU time for XFEM and ES-XFEM with different enrichment radii for 
the first example with case I material 
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4.4.2 Delamination of the composite plate under compression 
In the first example, ES-XFEM is used to simulate crack in composite materials. 
The most obvious advantage of XFEM is that it can simulate crack propagation 
without remeshing. Therefore, the second example is delamination analysis of a plate 
composed of two kinds of orthotropic materials listed in Table 4.6 to check whether 
ES-XFEM is applicable for crack propagation. The material principal directions 
coincide with the global coordinates. The plate includes an initial interfacial crack in 
the middle position, and the geometry and boundary conditions are illustrated in 
Figure 4.20, with the applied compressive stress 100 MPa  . It is assumed that the 
plate is under plane stress condition. The crack lies on the edges of elements, which is 
difficult to complete in XFEM. In our calculation, in order to make it easier, we move 
the crack a little above (0.0001 mm) the interface. But the distance is so small that the 
effect can be neglected.   
Owning to the symmetry, only half of the model is simulated in the computation 
as shown in Figure 4.21. Also the crack will propagate along the interface between the 
two layers. The length of crack extension is assumed to be 2.5mma   for each step. 
The vertical displacement at point C are obtained for each two extension steps and 
compared with the reference solution. The reference solution is obtained by very fine 
mesh using standard FEM, where the crack geometry is explicitly modeled and the 
delamination is achieved by node bonding and debonding technique. The stress 
contour is shown in Figure 4.22. As we know the plate is under pressure in the same 
direction with the crack, the stress intensity factor is nearly zero. Therefore the 
characteristic of fracture is not obviously observed. The vertical displacements of 
point C produced by ES-XFEM for different crack extension steps are in good 
agreement with the reference solution. 
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Table 4.6 Material property of carbon-epoxy 
Material property Material I Material II 
Modulus in fiber direction 1E 232.0GPa 156.0GPa 
Transverse moduli 2 3E E  23.1GPa 9.09GPa 
Shear moduli 
12 13G G  8.96GPa 3.24GPa 
Shear moduli 
23G  8.27GPa 4.30GPa 
The Poisson ratios 
12 13   0.2 0.228 
The Poisson ratio 23  0.4 0.31 
 
 




Figure 4.21 Mesh of the plate with two layers of orthotropic materials used in ES-XFEM
 
Figure 4.22 Stress contour at the beginning of crack propagation 
























Figure 4.23 Vertical displacement at point C against extension length of delamination 
4.5 Conclusion 
In this work, edge-based smoothed extended finite element method (ES-XFEM) 
is extended for composite materials. Crack tip enrichment functions for anisotropic 
materials are used in the method. Two examples are used to test whether the ES-
XFEM are applicable for anisotropic materials. Through the numerical results some 
conclusions can be drawn as follows:  
1. The edge-based smoothing technique is integrated into XFEM to combine the 
advantages of ES-FEM and XFEM. Thus, ES-XFEM can have high accuracy and 
convergence rate. At the same time, ES-XFEM can simulate crack propagation 
without remeshing. 
2. ES-XFEM enriched with appropriate functions is applicable to anisotropic 
materials, even for the material directions not aligned with the crack directions. 
The examples show that ES-XFEM can perform better in accuracy and 
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convergence rate compared with XFEM in the calculation of stress intensity 
factors and strain energy.  
3. ES-XFEM possesses some other advantages compared to XFEM. For example, in 
the calculation of the stiffness matrix, no singular term appears in the integrand. 
No mapping is needed, which simplifies calculation. 
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Chapter 5 A face-based smoothed XFEM for three-
dimensional fracture problems 
5.1 Introduction 
In previous chapters, smoothing technique has been applied to two-dimensional 
fracture problems. Chapter 2 presents a singular cell-based smoothed radial point 
interpolation method for linear elastic fracture mechanics in two-dimension. Chapter 
3 introduces an edge-based smoothed FEM for plastic fracture mechanics in two-
dimension. Chapter 4 extends smoothed method to composite materials in two-
dimension. Actually most of the components and structures in engineering are in 
three-dimension. Only some special components under specific loading can be 
considered as two-dimensional problems. In this chapter smoothed method is 
extended to three-dimensional fracture mechanics. 
In two-dimension, edge-based smoothing technique has proven to be effective 
and efficient. Face-based smoothed finite element method (FS-FEM) in three-
dimension originates from ES-FEM in two-dimension. It has been developed and 
applied to different problems [85,120,121]. Face-based smoothing technique can 
improve the accuracy of the finite element method (FEM) for three-dimensional 
problems. On the other hand, XFEM, in which crack front of arbitrary shape can be 
simulated without matching the mesh with the crack surface and hence crack advance 
can be realized without remeshing, has been extended to three-dimensional fracture 
mechanics [50,53,122]. In this chapter, these two methods are combined together to 
develop face-based smoothed XFEM (FS-XFEM) to possess the advantages of the 
two methods. 
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5.2 Face-based smoothed FEM (FS-FEM) 
5.2.1 Smoothing domain formation 
In the ES-FEM, the system stiffness matrix is computed using strain smoothed 
over the smoothing domains associated with the edges of the triangles. For triangular 
elements, the smoothing domain can be categorized into two types: interior edge-
based smoothing domain and boundary edge-based smoothing domain. The interior 
edge-based smoothing domain is formed by connecting two endpoints of the edge 
(which lies inside the problem domain) to the centroids of the two adjacent elements 
sharing the same interior edge. The boundary edge-based smoothing domain is 
formed by connecting two endpoints of the edge (which lies on the boundary of the 
domain) to the centroid of the element. It is proved that the ES-FEM possesses the 
following excellent properties: (1) the ES-FEM model possesses a close-to-exact 
stiffness: it is much softer than the 'overly stiff' FEM; (2) the results are often found to 
be superconvergent and ultra-accurate: much more accurate than the linear triangular 
elements of FEM; (3) the implementation of the method is straightforward and no 
penalty parameter is used, and the computational efficiency is better than the FEM 
using the same nodes. These properties of the ES-FEM have been confirmed by many 
works [79,80,123]. 
The FS-FEM for 3D problems [85-86] is extended from the idea of the ES-FEM. 
In the FS-FEM, linear tetrahedral elements, which are feasible for arbitrarily 
complicated geometry, are used to mesh the problem domain. Instead of using the 
edges of the elements in 2D problems, faces of the elements in the FS-FEM are used 
to create smoothing domains. Therefore, it is named face-based smoothed finite 
element method. The faces of the elements in three-dimension can be classified into 
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two types: boundary face and interior face. The boundary face lies on the boundary of 
the domain, while the interior face lies inside the domain. The smoothing domains 
based on these two types of faces are formed in different ways. For the interior face, 
which is shared by two elements, the smoothing domain is formed by connecting the 
three points of the face to the centroids of the two elements shown in Figure 5.1(a). 
For the boundary face, which belongs to only one element, the smoothing domain is 
formed by the face and the centroid of the only element. Four points (three from the 
face and one being the centroid of the element) automatically form a tetrahedral 
domain shown in Figure 5.1(b).  
  
Figure 5.1 Two types of smoothing domains (a) smoothing domain formed based on interior face (b) 
smoothing domain formed based on boundary face 
5.2.2 The formulation of FS-FEM 
In the FS-FEM, the problem domain is meshed with 4-node tetrahedral elements. 
Based on the above description of smoothing domain formation, faceN  smoothing 
domains in the whole model can be created, where faceN  is the number of the faces in 
the whole model. The domains satisfy 1
faceN k
k     and ,  i j i j    . With 
face-based smoothing technique, the integration of derivatives of shape functions over 
domain can be transformed into integration of shape functions multiplied with 
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component of outward unit vector of the boundary face. The integration result is then 
divided by the volume of the smoothing domain. In the setting of FS-FEM, the 
smoothed strain is obtained as: 
ε Bu  5.1 
Here 1 1 1[ ... ]
T
ns ns nsu v w u v wu  is the displacement vector with all the 
displacement components of the nodes belonging to the smoothing domain. B  is the 
strain-displacement relationship matrix in three-dimension expressed as: 
( ) 0 0
0 ( ) 0
0 0 ( )
( ) ( ) 0
0 ( ) ( )























1( ) ( ) ( )
k
k
ih k h is
k
b n N d
V 
 x x x  ( , , )h x y z  5.3 
where k  is the boundary face of the smoothing domain. ( )khn x  is the h  component 
of the outward unit norm on the boundary k . ( )iN x  is the shape function. skV  is the 
volume of the smoothing domain. 
By Gauss quadrature, ( )ih kb x  can be given by the following equation: 
1 1
1( ) ( ) ( )
face gauN N
k
ih k h n i n ns
m nk
b n N w
V  
  x x x ( , , )h x y z  5.4 
where gauN  is the number of the Gauss points. faceN  is the number of faces attached 
to the smoothing domain.  nw  is the weight of the Gauss point. nx  is the coordinate of 
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the Gauss point on the boundary face.  ( )i nN x  is the thi  shape function of the Gauss 
point nx . ( )
k
h nn x  is the outward unit norm component.  
The set of algebraic equations for FS-FEM can be obtained in the form of matrix: 
Kd f  5.5 
Here d  is the displacement vector of all the nodes in the model, K  is the global 
stiffness matrix and f  is the nodal force. 







 K K  5.6 
Here the summation means an assembly process, ,
s
ij kK  is the stiffness matrix 





ij k i j i j kd V  K B DB B DB  5.7 
where skV  is the volume of the smoothing domain 
s
k , D  is the matrix of material 
constants that is defined as follows: 
2 0 0 0
2 0 0 0
2 0 0 0
0 0 0 0 0
0 0 0 0 0










          
D  5.8 
with 
2(1 )
EG   , (1 )(1 2 )
E     . Here E  is the Young's modulus, and   is the 
Poisson's ratio. 
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5.3 Face-based smoothed XFEM (FS-XFEM) 
5.3.1 Level set representation 
Level set functions are introduced into XFEM by Belytschoko [124] and 
Sukumar [125] to represent crack surface and crack evolution. In three-dimension, 
two level set functions are needed to represent the crack surfaces and crack tips or 
fronts. To represent crack surfaces, a set of level set functions are employed. 
crnf ...1,0)(   X  5.9 
Here crn  is the number of cracks. The crack surface is given by the zero level set. The 
other set of level functions is used to represent crack tips or fronts shown in Figure 
5.2. 
crng ...1,0)(   X  5.10 
The two set of level set functions can be obtained by the same shape functions for 
displacement interpolation. Thus the values of the two functions for any point X can 




















where )(XIN  is the shape function corresponding to node I and If ,  and Ig ,  are the 
node values for the two set of level functions. 
 





Figure 5.2 Two set of level set functions for crack representation 
 
5.3.2 The formulation of FS-XFEM 
The displacement of XFEM is composed of three parts: the continuous 
displacement from standard finite element method, the enrichment part that represents 
discontinuity across the crack surface and the enrichment part that describes the 
singular strain field around the crack front. Heaviside function is usually employed as 
enrichment function for the discontinuity across the crack surface. A set of crack front 
enrichment functions, which are derived from the displacement field around the crack 
front, are used to produce singularities around the crack front. Nodal subtraction is 




( ) ( ) ( )( ( ) ( ))
           ( ) ( ( ) ( ))
fs fem fs c
fs e
















x x x x x
x x x
 5.12 
Here ( )iN x , ( )jN x  and ( )kN x  are the shape functions associated with different types 
of nodes and iu  is nodal displacement in standard FEM. N fs fem  is the node set of the 
whole finite element model. jx and kx  are the coordinates of nodes. ( )H x  is a 
Heaviside function and is set as follows: 
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1       if ( ) 0
( )
1    otherwise
H
    
x x n
x  5.13 
N fs c  is the set of nodes whose support domain is completely cut by the crack surface. 
ja  is the enriched degree of freedom associated with node set N
fs c . N fs e  is the set 
of nodes in the vicinity of the crack front. ( ) x  are a set of branch functions to 
model the asymptotic features of the displacement field around the crack front: 
   
( )( 1 4)
sin cos sin sin cos sin
2 2 2 2
r r r r
 
    
 
                         
x
 5.14 
where  ,r   is the local polar coordinate system, which is defined so that the plane 
where   is zero must be tangent to the crack front. kb  is the th  (of the totally four) 
enriched degree of freedom associated with node set N fs e . N fs c  and N fs e  are 
shown in Figure 5.3. 
  
Figure 5.3 (a) Crack-front smoothing domain (b) Crack-cut smoothing domain 
Caused by different types of enrichment functions, nodes in FS-XFEM can be 
categorized into three types. (a) common nodes denoted by N fs fem , which are not 
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enriched by either ( )H x  or ( )x ; (b) ( )x  enriched nodes denoted by N fs e . As 
shown in Figure 5.3 (a), the smoothing domain 1 2ABCG G . Here ABC  is the face, 
based on which the smoothing domain is formed. 1G  and 2G  are the centroids of the 
two elements, which share the face ABC . The crack surface EFMN goes through this 
smoothing domain, but terminates at the crack front MN , which means that the 
smoothing domain is not thoroughly cut, only part of the smoothing domain is cut by 
the crack surface. ( ) x  is used to describe the displacement behavior around the 
crack front. Therefore, nodes associated with this smoothing domain are enriched by 
( ) x . (c) ( )H x  enriched nodes denoted by N fs c . As shown in Figure 5.3 (b), the 
smoothing domain 1 2ABCG G  is constructed in the same way as Figure 5.3 (a). Here 
EFD  is the crack surface. This smoothing domain is thoroughly cut by the crack 
surface. Therefore, ( )H x  is used to enrich the nodes associated with the smoothing 
domain thoroughly cut by the crack surface, if the nodes are not enriched by ( ) x .  
Employing the strain smoothing operation, the smoothed strain over sk  from the 
displacement approximation can be written as: 
4
1N N N
( ) ( ) ( ) ( )
fs fem fs c fs e
u a b
k i k i j k j m k k
i j m

     
     ε x B x u B x a B x b  5.15 
where ( )ui kB x  is the smoothed strain gradient matrix for the standard FS-FEM part, 
and ( )aj kB x , ( )bm kB x  correspond to the Heaviside function and branch functions 
enriched parts respectively. Those matrices can be written as: 
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( ) 0 0
0 ( ) 0
0 0 ( )
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( ) ( ) 0
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In the above equation, ( )rih kb x , , ,h x y z  and , ,r u a b  is computed by: 
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 5.17 
Using Gauss quadrature along the segments of boundary, the above equations 
can be written as: 
, , ,
1 1
, , , ,
1 1
, , , ,
1 1
1( ) ( ) ( )
1( ) ( ) ( )( ( ) ( ))     ( , , )
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 5.18 
Here segN  is the number of the boundary faces attached to the smoothing domain, 
gauN  is the number of the Gauss points used on each of the boundary faces. ,m nx  is 
the coordinate of the thn  Gauss point on the thm boundary face. ,m nw  is the weight of 
the corresponding Gauss point.  
The stiffness matrix K  is yielded by: 
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 5.19 
Substituting equation 5.18 into equation 5.5 can produce a set of linear equations. In 
FS-XFEM, f  is composed of three parts: ,  and u a bf f f . These three vectors can be 
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 5.20 
5.3.3 Smoothing scheme 
For the existence of enrichment functions (both Heaviside and branch functions), 
smoothing domains in FS-XFEM can be classified into five types: 
 Standard smoothing domain, in which none of the associated nodes are 
enriched. 
 Split smoothing domain, which is completely cut by the crack surface, and 
some of their associated nodes are enriched with Heaviside function. 
 Crack front smoothing domain, inside which part of the crack front lies. All 
the associated nodes are enriched with branch functions. 
 Split-blending smoothing domain, with which the crack surface has no 
intersection. But some of the nodes associated with this type of domain is 
enriched with Heaviside function.  
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 Crack front-blending smoothing domain, similar to the above split-blending 
smoothing domain, crack surface never reaches this type of smoothing 
domain. But some of the nodes are enriched with branch functions. 
In FS-FEM, only the shape functions of Gauss points on the surfaces of the 
smoothing domain are needed in the calculation of the smoothed strain gradient 
matrix B . Four-node tetrahedral elements, in which the shape functions vary linearly, 
are employed in the mesh of FS-FEM. Therefore, only one Gauss point is needed on 
each boundary face of the smoothing domain. In FS-XFEM, the displacement field in 
the standard smoothing domain is the same as that of FS-FEM. Consequently the 
same procedure of FS-FEM can be followed in the standard smoothing domain of FS-
XFEM.  
However, the enrichment functions ( )H x  and ( )x  obviously behave non-
linearly on the face of the smoothing domain if the smoothing domain contains any 
enriched node. Thus the previous integration scheme is not feasible for other four 
types of smoothing domains. Special attention should be paid to the integration over 
the face of the other four types of smoothing domains. 
(i). Split smoothing domain: Due to the discontinuity in the displacement field 
across the crack surface, common integration procedure on the boundary faces of the 
smoothing domain cannot produce correct smoothed strain gradient matrix B  in the 
split smoothing domain. In order to overcome this discontinuity in the displacement 
field, all the split smoothing domains in our model are divided naturally by the crack 
surface shown in Figure 5.4. In Figure 5.4, a smoothing domain 1 2G ABCG  is formed 
based on the face ABC  shared by two neighboring elements. 1G  and 2G  are the 
centroids of the two neighboring elements. The integration procedure for this 
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smoothing domain is as follows: first divide the smoothing domain into two sub-
domains 1G EFD  and 2EFD ACB G  .  In each of these two sub-domains, the B  is 
obtained by integration on the boundary faces of the sub-domains and divide the 
integration result by the volume of each sub-domain respectively. 
 In XFEM, the sub-domains usually are polyhedrons, which need further 
partition into tetrahedrons or hexahedrons to make the Gauss quadrature work well. In 
FS-XFEM, thanks to the transformation of volume integration into area integration, 
the integration can be performed along the boundary faces of the smoothing domain. 
Therefore, partition is not needed. Furthermore, isoparametric mapping is eliminated 
simultaneously. 
In the process of integration along the boundary face of the smoothing domain, a 
problem occurs when one of the boundary faces aligns with the crack surface. For 
example, as shown in Figure 5.4, crack face EFD  is part of the boundary faces of the 
two sub-domains. One sub-domain 1G EFD  above the crack surface, and the other 
sub-domain 2EFD ACB G   below the crack surface. According to the definition of 
( )H x , ( )H x  assumes 1, 1,  and 0   when Gauss point is above, below and on the 
crack surface, respectively. A discontinuity is created during the integration process 
over the boundary faces of the smoothing domain. For example, ( )H x  assumes 1  in 
sub-domain 1G EFD except on the crack face EFD , on which ( )H x  assumes 0 . 
Similarly, discontinuity can be created in the sub-domain 2EFD ACB G   with 
( )H x  assuming 1  in sub-domain 2EFD ACB G   except on the crack face EFD , 
on which ( )H x  assumes 0 . 
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The discontinuity ( )H x  shows across the crack surface is overcome by the 
following method. For the first smoothing domain mentioned above, in which ( )H x  
assumes 1  inside the whole smoothing domain and on the boundary faces except the 
part of the boundary faces aligning with the crack surface, on which ( )H x  assumes 0 . 
When integration is performed along the crack surface, ( )H x  is changed to 1  to 
make the integration function continuous over the whole smoothing domain. Similarly, 
( )H x  can be changed to 1  on part of the boundary for the second type mentioned in 
the last paragraph. 
 
Figure 5.4 Smoothing scheme for split smoothing domain 
 
(ii). Crack front smoothing domain: Branch functions, which can create singular 
strain field around the crack front, are used to enrich nodes in this type of smoothing 
domain. For the complexity of the branch functions and crack surface geometry, 
simple integration along the boundary of the smoothing domain cannot produce 
accurate result in the calculation of the B  matrix. In order to improve the accuracy of 
FS-XFEM, special integration scheme is used in this type of smoothing domain. 
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Firstly, the smoothing domain is thoroughly cut into two sub-domains by extending 
the crack surface. As shown in Figure 5.5, EFMN is the crack surface and MN  is 
part of the crack front. The crack surface EFMN  is extended to cut the smoothing 
domain at point D . Therefore two sub-domains are formed i.e. 1G EFD  and 
2G ABC EDF  . In order to more accurately capture the singular strain field around 
the crack front, these two sub-domains are further partitioned into more tetrahedral 
sub-domains. The scheme is as follows: Connect the crack front ,M N  to the vertex 
1G  and form a face 1G MN  to divide 1G EFD  into two sub-domains 1G EFMN  and 
1G MN . As shown in the figure, 1G EFMN  is a pentahedron which causes complexity 
in our integration. Therefore, 1G EFMN  is further divided into two small tetrahedral 
domains 1G EFN  and 1G MFN . Consequently, there are totally three tetrahedral 
domains 1G EFN , 1G MFN  and 1G MND  formed in the calculation of B  over the sub-
domain 1G EFD . Similarly, 2G ABC EDF   is partitioned as follows: Extend 1G N  
and 1G M  to intersect with AB  and BC  at I  and J  respectively. Then cut 
2G ABC EDF   into two parts: 2G AIJC ENMF   and 2G IJB NMD   by 
MNIJ  and 2G IJ . For the convenience of integration, further partition is performed 
in 2G IJB NMD  . That is BIJ  can divided the 2G IJB NMD   into IJB NMD  
and 2G IJB . Three small domains IMND , MIJB  and DMIB  are formed based on 
IJB NMD . For 2G AIJC ENMF  , AIJC  is used to cut it into two parts : 
AIJC ENMF  and 2G AIJC .  2G AIJC  is partitioned into 2G AIC  and 2G IJC , both 
of which are tetrahedral domains. AIJC ENMF  is partitioned into two parts 
AIC ENF  and IJC NMF . AIC ENF  can be composed of three tetrahedral 
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domains AENF , ACNF  and AICN . IJC NMF  can also be divided into three 
tetrahedral domains CFMN , NCIJ  and CJMN . In this way, all the small domains 
are tetrahedral domains, which can bring us convenience in the process of integration. 
Due to the complex shape function in this type of smoothing domain, five-order 



































































Figure 5.5 Smoothing scheme for crack front smoothing domain 
 
(iii).  Split-blending smoothing domain: In this kind of smoothing domain, branch 
functions enrichment does not exist. ( )H x  enrichment exists but the discontinuity in 
the displacement is eliminated due to nodal subtraction. Thus the smoothing scheme 
for this type of smoothing domain is in the same way as in the standard FS-FEM 
smoothing domain. Only one Gauss point is needed on each face of the smoothing 
domain. 
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(iv). Crack front-blending smoothing domain: Branch functions enriched nodes exist 
in the smoothing domain. Therefore, in order to better capture the singularity in the 
displacement field, more sub-domains are used in this kind of smoothing domains. As 
shown in Figure 5.6, the smoothing domain 1 2G BCDG  is first divided into two parts: 
1G BCD  and 2G BCD . Then in each of this two sub-domains, connect the centroid of 
the sub-domain to the four vertices to partition the sub-domain into four parts. As 
shown in the figure, the sub-domain 1G BCD  is divided into 1 1G BCM ,  1 1G BDM , 
1 1G CDM  and 1BCDM . Here 1M  is the centroid of the sub-domain 1G BCD . In this 
four sub-domains smoothing operation is performed. Similar procedure can be 
followed in 2G BCD . Also, five-order seven Gauss points are used on each triangular 










Figure 5.6 Smoothing scheme for crack front-blending smoothing domain 
5.4 Three-dimensional stress intensity factor calculation 
There are several numerical techniques developed to calculate stress intensity 
factors. Three of these techniques are: (1) the virtual crack extension (VCE) method 
[126-129], (2) the virtual crack closure technique [130-133], and (3) the J-integral 
method [134-137]. Based on J-integral method, an interaction energy integral method 
is used to calculate stress intensity factor in this study. A cylindrical volume with the 
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radius dr  surrounding a point C located on the crack front is shown in Figure 5.7. If 
the crack surfaces are traction-free, the domain form of the interaction energy integral 
( )I s  can be written as: 
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Here the superscript aux stands for auxiliary field. ε , u  and σ  are the actual strain, 
displacement and stress fields respectively. ( )a s  is the magnitude of the advance at 
each point along the crack front cL . V  is the cylindrical volume. The auxiliary stress, 
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Here auxIK , 
aux
IIK , and 
aux
IIIK  are the stress intensity factors associated with the 
auxiliary fields. The major challenge in the calculation of integration energy integral 
is the calculation of the gradients and higher order gradients of the auxiliary fields, 
which exist in the integrand. As shown in Figure 5.8, a local orthogonal coordinate 
system at point s  along the crack front is defined as follows: the local 2x  axis is 
perpendicular to the plane of the crack, the 1 3x x  plane lies on the crack plane with 
the 1x  axis normal and 3x  tangent to the crack front at point s . Assuming point p  
lies on the local 1 2x x  plane as shown in Figure 5.8, the base vectors associated with 
point p  1e , 2e  and 3e  are constructed by keeping 1e and 2e  parallel to 1x  and 2x  and 
moving in the direction of 3x . ( , )r   are local polar coordinates of point p  defined in 
the figure. The auxiliary fields expressed in this orthogonal curvilinear coordinate 
system are given in equations 5.23-5.25. 
The weighting function q  is defined as follows: A set of elements having at least 
one node within a cylindrical volume of radius dr  around the crack front are chosen. 
The value of Cq  of node associated with the crack tip C  is defined: 







   5.26 
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where Cl  is a unit vector that is perpendicular to the crack front at the crack tip C and 
lies in the local tangent plane to the crack surface. The weighting function for the 







cic QNq  5.27 
where iN  is the shape function corresponding to node i . 
i
cQ   is the weighting 
















Having defined the auxiliary fields, the interaction energy integral ( )I s  defined 
by equation 5.21 takes the value 
22(1 ) 1( ) [ ]aux aux auxI I II II III IIII s K K K K K KE G
    5.29 
Here IK , IIK , and IIIK  are the stress intensity factors associated with the actual fields. 
The process of evaluating the actual stress intensity factors involves making a 
judicious choice of the auxiliary stress intensity factors, and then evaluating the 
interaction energy integral. For example, Substituting 1auxIK  , and 0aux auxII IIIK K   
into equation 5.29 yields: 
2 ( )2(1 )I
EK I s   5.30 
Similarly, IIK  can be obtained by substituting 1
aux
IIK   and 0aux auxI IIIK K   with 
IIIK  by substituting 1
aux
IIIK   and 0aux auxI IIK K  . 
Computational procedure [138] for calculating the domain integrals: 
C
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1. Compute the components of the unit vector that is perpendicular to the crack 
front at point  and lies in the local tangent plane to the crack surface. 
2. Loop over elements  
2.1 If Vi  go to step 2.2; else go to next element, step2. 
2.2 Assign the nodal values icQ  of the weighting function lq  
2.3 Setp up integration points and weights 
2.4 Loop over integration points 41p  
2.4.1 Evaluate the shape functions iN  and global derivatives ki XN   
at    the integration point p  
2.4.2 Evaluate the weighting function lq  and global derivatives kl Xq 
at the integration point p  
2.4.3 Determine the Cartesian 1X , 2X , 3X coordinates of point s . Point 
s  is the point on the crack front that is closest to the quadrature 
point p  
2.4.4 Determine the curvilinear coordinates 1x , 2x , 3x  of the integration 
point p . Note that this step involves the computation of unit 
vectors T ,b ,c  and the position vector r  
2.4.5 Calculate 22
2
1 xxr  ,  121 /tan xx  
2.4.6 Calculate the local radius of curvature  of the crack front at point 
s .  
2.4.7 Calculate the scale factor 3h  and the derivatives 13 xh  , 23 xh   
2.4.8 Calculate the curvilinear components of the auxiliary fields and 
gradients of the auxiliary fields 
C
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2.4.9 Calculate the Cartesian components of the auxiliary fields and 
gradients of the auxiliary fields. This is accomplished by the usual 
tensor and vector transformation laws. Note that the direction 
cosines between the unit base vectors 1e , 2e  and 3e  at point p  and 
the fixed based vectors 1i , 2i and 3i  are needed to perform the 
transformations.  
2.4.10 Compute the integrand at point p  as follows: Compute 
   qpqp Ttr  . 
2.4.11 Add the contribution computed in step 2.4.10 to cI  
2.4.12 Go to next integration point 
2.5 Go to next element 






Figure 5.7 A cylindrical volume surrounding a point C 
 
 
















Figure 5.8 A local orthogonal coordinate system at a point s along the crack front 
5.5 Numerical examples 
Three examples are presented in this chapter to test our method. One is a plate 
with a thorough edge crack under tension. Another problem is a cylinder with a 
penny-shaped crack under remote tension. The last problem is an inclined penny-
shaped crack under remote tension. The results produced by FS-XFEM are compared 
with those of XFEM. 
5.5.1 A plate with a thorough edge crack under tension 
A plate with a thorough edge crack under tension is first analyzed as shown in 
Figure 5.9. The mesh of is plotted in Figure 5.9. The dimension of plate is: the height  
2 mmH   the width 1 mmW   and the thickness 0.5 mmt   with the crack length 
0.3 mma  . The load 1 MPa   is applied on the top surface of the plate. All the 
degrees of freedom on the bottom surface are fixed. The material parameters are: 
Young's modulus 1 MPaE   and the Poisson's ratio 0.3  . 
 





Figure 5.9 The left is a plate with a thorough edge crack under tension. The right is the mesh used in 
the model 
5.5.1.1  Result 
Five types of meshes with linear tetrahedral elements (13 25 4  ,18 35 4  , 
19 37 4  , 31 61 4  , 41 81 4  ) are used in the model. For comparison, all the five 
types of meshes are also computed using XFEM. The reference solution of strain 
energy  is obtained using singular FEM with very fine mesh (2,179,458 nodes) in this 
study. The results of the strain energy produced by FS-XFEM and XFEM are plotted 
in  Figure 5.10. From the figure, it can be seen that the results of FS-XFEM are much 
closer to the reference solution than those of XFEM with the same mesh. This 
demonstrates that face-based smoothing technique can improve the accuracy of 
XFEM for three-dimensional fracture problems. 
5.5.1.2 Convergence rate and efficiency of FS-XFEM 
From Figure 5.10, it can be seen that the FS-XFEM can give us more accurate 
results than XFEM. However, in the assessment of numerical methods, the time cost 
of different numerical methods should also be taken into consideration. The 
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convergence rate and efficiency of the ES-XFEM and XFEM for this example are 
calculated and compared. 
 
Figure 5.10 The variation of strain energy with number of nodes for a plate with a thorough crack 
under remote tension 
To investigate quantitatively the numerical results, the same error indicator as in 







  5.31 
where refU  denotes the strain energy of reference solution and numU  stands for the 
strain energy of numerical solution. The errors in strain energy norm against h  for 
this example is plotted in Figure 5.11, where h  is the average distance between two 
adjacent nodes. From the figure, it can be seen that the error of FS-XFEM is smaller 
than that of XFEM with the same mesh. At the same time, FS-XFEM has higher 
convergence rate than XFEM for the first example, which means that FS-XFEM can 
converge to the reference solution at a higher rate. 
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The condition number of FS-XFEM and XFEM for the first example for 
different meshes are listed in Table 5.1. As it can be seen, FS-XFEM has bigger 
condition number than XFEM with the same mesh. But the difference is not so big to 
cause ill-condition in the system. 
 
Figure 5.11 Convergence rate of XFEM and FS-XFEM for a plate with a thorough crack under tension 
 
Table 5.1 Condition numbers of FS-XFEM and XFEM for the  first example with different mesh 
densities 
Mesh 13×25×4 18×35×4 31×61×4 41×81×4 
XFEM 1.3212e+6 1.8420e+6 1.4312e+7 1.7578e+7 
FS-XFEM 1.5427e+6 2.1128e+6 1.7675e+7 2.8165e+7 
The CPU time of FS-XFEM and XFEM for the first example with different 
meshes are tabulated in Table 5.2. The CPU time is the average value of ten 
calculations on the same PC. From the table, it is clear that it takes FS-XFEM more 
time to solve the equation than XFEM for the same mesh. In order to compare the 
efficiency of XFEM and FS-XFEM, the accuracy against CPU time of both FS-
XFEM and XFEM are plotted in Figure 5.12. In Figure 5.12, it is seen that FS-XFEM 
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produces results with smaller error within the same CPU time compared to XFEM. 
That is to say that FS-XFEM is more efficient than XFEM. 
Table 5.2 The CPU time of FS-XFEM and XFEM for the  first example with different mesh densities 
Mesh 13×25×4 18×35×4 31×61×4 41×81×4 
XFEM 0.321761 1.185841 12.08005 29.681937 
FS-XFEM 0.67652 2.579944 34.70061 104.7701 
 
 
Figure 5.12 Comparison of computational efficiency of FS-XFEM and XFEM in terms of energy norm 
for a plate with a thorough crack under tension 
5.5.2 A cylinder with a penny-shaped crack under remote tension 
In the first example, FS-XFEM is used to simulate a straight crack in three-
dimension. In order to extend the applicability of the method, a cylinder with a penny-
shaped crack under remote tension is studied. The crack is in the middle of the 
cylinder, with the radius (of the penny) 0.3 mma   shown in Figure 5.13. The 
remote tension is applied on the top surface of the cylinder. The bottom surface of the 
cylinder is fixed. The geometrical details are as follows: 12 mmH   and 3 mmR  . 
With the ratio / 0.1a R  , this problem can be considered as a crack in an infinite 
body. The solution of stress intensity factor is given by Anderson [139]:





















IK a  . Due to the symmetry, only one quarter of the model is simulated with 
appropriate boundary condition, shown in Figure 5.14. In this model, symmetrical 





















Figure 5.14 The mesh used for a cylinder with a penny-shaped crack under remote tension 
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The strain energy for this problem by FS-XFEM and XFEM is plotted in  Figure 
5.15. The reference solution for strain energy is obtained by singular FEM with very 
fine mesh (1,443,082 nodes). It can be seen that FS-XFEM can produce more accurate 
results than XFEM with the same mesh. This is an axisymmetric problem. The stress 
intensity factor (SIF) is also obtained by FS-XFEM and XFEM. The SIFs with error 
are tabulated in Table 5.3. From the table, we can see that FS-XFEM can provide 
more accurate SIFs compared to XFEM for the same mesh. This confirms that face-
based smoothing technique can also improve the accuracy of SIF for XFEM.  
 
Figure 5.15 The variation of strain energy with number of nodes for a cylinder with a penny-shaped 
crack under remote tension 
 
Table 5.3 MPa mm( )IK  with error of FS-XFEM and XFEM for a cylinder with a penny-shaped 
crack under remote tension with different mesh densities  
Mesh 1352 2500 4968 6016 9306 
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5.5.3 A cylinder with an inclined penny-shaped crack under remote tension 
In the above two examples, both the problems are pure mode I fracture problems. 
In order to test the applicability of FS-XFEM, a cylinder with an inclined penny-
shaped crack under remote tension is studied, which can be considered mixed mode 
problem. The model is shown in Figure 5.16. The geometrical details are the same 
with the second example. The only difference between these two problems is that the 
crack surface is rotated 030   from middle plane of the cylinder, which makes the 
crack a mixed mode fracture problem. In order to reduce the computation cost, only 
half of the model is simulated with appropriate boundary condition thanks to the 
symmetry of the problem shown in Figure 5.17. The material property used are the 





















The strain energy for this problem by FS-XFEM and XFEM are plotted in  
Figure 5.18. The reference solution for strain energy is obtained by singular FEM 
with very fine mesh (1,372,587 nodes). It can be seen that the strain energy of FS-
XFEM is much closer to the reference solution than XFEM with the same mesh. SIF 
around the crack front for one of the meshes obtained by FS-XFEM and XFEM is 
shown in Figure 5.19. From the figure, we can conclude that at most angles the 
solutions ( IK , IIK  and IIIK ) of FS-XFEM are closer to the analytical solution than 
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XFEM. Therefore, we can say that FS-XFEM can also be extended to mixed mode 









Figure 5.16 A cylinder with an inclined penny-shaped crack under remote tension 
 









Figure 5.17 The mesh for a cylinder with an inclined penny-shaped crack under remote tension 
 




Figure 5.18 The variation of strain energy with number of nodes for a cylinder with an inclined penny-
shaped crack under remote tension 
 
 
Figure 5.19 The distribution of three types of stress intensity factors along the crack front for a cylinder 
with an inclined penny-shaped crack under remote tension 























































In this work, face-based smoothing technique is combined into extended finite 
element method (XFEM) to develop face-based smoothed extended finite element 
method (FS-XFEM) for three-dimensional fracture problems. Three examples are 
used to test the accuracy of FS-XFEM. Through the numerical results some 
conclusions can be drawn as follows:  
1. The face-based smoothing technique is integrated into XFEM to combine both 
the advantages of FS-FEM and XFEM. Thus, FS-XFEM can have high accuracy 
and simulate crack propagation without remeshing. 
2. From the examples, FS-XFEM can perform better in accuracy and convergence 
rate compared with XFEM in terms of strain energy. Also FS-XFEM can provide 
solutions with high accuracy in the calculation of stress intensity factor. 
3. Some advantages of FS-XFEM can also be found. For example, due to smoothing 
technique, singular terms do not appear in the integrand. Isoparametric mapping 
in XFEM is not needed any more. 
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Chapter 6 Conclusions and recommendations 
6.1 Conclusions 
This thesis has developed smoothed method for linear elastic fracture mechanics 
and plastic fracture mechanics for two-dimensional problems. The smoothed method 
is extended for composite materials as well. The face-based extended finite element 
method is also developed for three-dimensional fracture problems. Finally, some 
conclusions can be drawn. 
A singular cell-based smoothed radial point interpolation method for linear 
elastic fracture problems 
 In this study, a five-node singular triangular element is introduced to 
produce 1/ r  singularity around the crack tip for elastic fracture mechanics. 
Thanks to the smoothing technique, 1/ r  singular strain field is easy to 
obtain by a direct point interpolation. Employing a layer of this kind of 
elements around the crack tip can eliminate transitional elements to bridge 
the gap between the quarter-point elements and the common elements used 
in traditional singular finite element method, which will reduce mesh work 
greatly.  
 With the smoothing technique, derivatives of the shape functions are 
replaced with shape function multiplied with the outward unit vector along 
the boundary of the smoothing domain. Through this replacement, singular 
term disappears from the integrand. Therefore, smoothing method has a 
significant advantage compared with other methods, especially for fracture 
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mechanics, that is, no singular term is present in the strain-displacement 
matrix formulation. 
 Several smoothing schemes may be used in the singular elements around the 
crack tip. The different smoothing schemes produce slightly different results.   
The scheme with two domains generally provides very tight upper bound for 
strain energy and stress intensity factors. Other schemes generally give much 
tighter lower bound solutions compared to the finite element method with 
linear triangular elements. 
A singular edge-based smoothed finite element method (ES-FEM) for plastic 
fracture mechanics 
 A seven-node singular element is devised to contain the first two singular 
terms in the displacement field of plastic solution around the crack tip. By a 
layer of seven-node singular elements around the crack tip, a singular strain 
field containing the first two terms of the analytical solution is obtained, 
which is difficult to produce in traditional FEM.  
 Special smoothing scheme is used in the singular elements around the crack 
tip to improve the performance of singular ES-FEM. From the result of 
singular ES-FEM, we can see that the newly developed method can provide 
more accurate results than traditional FEM.  
An edge-based smoothed extended finite element method (ES-XFEM) for 
fracture in composite materials 
 Edge-based smoothing technique is combined with XFEM in this study for 
composite materials. This method shows the advantages of both ES-FEM 
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and XFEM. That is edge-based smoothing technique can improve the 
accuracy and efficiency of FEM and XFEM can simulate arbitrary geometry 
crack and crack propagation without remeshing. 
 General branch functions for anisotropic materials are employed in ES-
XFEM for anisotropic materials. Due to the use of the general branch 
functions, the ES-XFEM is applicable for anisotropic materials even when 
the material direction does not align with the crack face. 
 It is shown that ES-XFEM can perform better in accuracy and convergence 
rate compared with XFEM in the calculation of stress intensity factors and 
strain energy. ES-XFEM can also provide solutions with high accuracy in 
the simulation of crack propagation. 
A face-based smoothed extended finite element method (FS-XFEM) for three-
dimensional fracture problems 
 The face-based smoothing technique is integrated into XFEM to combine 
both the advantages of FS-FEM and XFEM for three-dimensional fracture 
problems. Thus, FS-XFEM can have high accuracy and convergence rate. At 
the same time, FS-XFEM can simulate complicated geometry crack and 
crack propagation without remeshing. 
 Due to the high strain gradients around the crack front, special smoothing 
scheme is used in FS-XFEM to improve the accuracy of FS-XFEM. From 
the result, it is clear that face-based smoothing technique can improve the 
performance of XFEM in terms of strain energy and stress intensity factor 
calculation. 
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 Similar to the smoothing technique used for two-dimensional fracture 
problems, in three-dimension smoothing technique helps avoid the 
integration of singular term in the whole calculation process.  
6.2 Recommendations 
Although smoothing technique has been applied to different kinds of problems 
and shown to be able to improve the accuracy and efficiency of FEM and XFEM, 
further work still can be done. 
First, FS-XFEM has been developed, but it is only used for static fracture 
mechanics in this study. It can be extended to the propagation of the crack, in which 
complicated crack geometry may be encountered. Level set functions can be used to 
capture crack propagation. FS-XFEM has been applied to linear elastic fracture 
mechanics. But most of the material will have plastic deformation once the stress has 
surpassed the yield stress. Because we have applied smoothing technique to two-
dimensional plastic fracture mechanics, we have some experiences in plastic fracture 
mechanics. Therefore, FS-XFEM can also be extended to three-dimensional plastic 
fracture problems. Also in plastic fracture problems the crack propagation can be 
simulated. Once we have finished this, our method is very close to real application 
and can be used to solve a lot of actual engineering problems.  
Second, FS-XFEM can be extended to fracture in composite materials. In 
composite materials, one challenging problem is that we have to simulate fiber/matrix 
interface. In traditional FEM, the mesh has to conform to the interface, which makes 
the mesh quite troublesome. In FS-XFEM, maybe level set functions can be used to 
simulate the fiber/matrix interface. By this method the mesh work without conforming 
to the interface can be easier. It is known that in FS-XFEM mesh is not required to 
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conform to the crack geometry. Consequently through level set functions we can 
overcome the two challenging problems in the mesh of crack in composite materials: 
mesh alignment with the crack geometry and the interface between fiber and matrix. 
Third, all the codes developed in this thesis are for series processing, which take 
a longer time for analyzing models with large number of nodes, particularly for three- 
dimensional problems. The speed of calculations can be improved considerably if the 
codes can be re-written for parallel processors. 
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